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BIT RANCHI '96 SOLVED PAPER 


— Prof. A. Ahmad 
Dept, of Mathematics 
Sahib Ganj College, Bihar 


1. (a) Let f(x) = [1 + tan x][l + tan (Jt/4 - x)] and 
let g(x) be defined for every real number x. Prove 
that the composite function g[f(x)] is constant for all 
those x for which f(x) is defined. 

Soln. 

Since f(x) = [1 + tan x][l + tan (Jt/ 4 - x)] 

1 - tan x 


= [1 + tan x] 
= [1 + tan x] 


1 + 


1 + tan x 




1 + tan x 

provided 1+ tan x ^ 0 i.e. tan x ^ -1 i.e. x ^ nTi ti/ 4 
g[f(x)] = g(2) = constant 

(b) Let C denote the circle x + y - 6y + 5 = 0 
Determine the equation of a circle (say D) which is 
concentric with C and the angle between the tangents 
to D, from every point on the circumference of C is a 
given constant. 

Soln. 

Since C= x z +y -6y+5 = 0 
centre O = (0 , 3), 
radius PO = V 9 — 5 = 2 
Let angle between the 
tangents to D from every 
point on the circum- 
ference of C is 2 0. 

... / APO = e, / PAO = 90° 

AO 



sin 0 = 


OP 


AO = 2 sin 0 


O is also centre of => 3x x - 


x 2 + y 2 - 6y+ 9=4 sin 2 0 


Since both are concentric, so 
circle D. 

... Equation of circle D is 
(x - 0) 2 + (y-3) 2 = AO 2 => 
x 2 + y 2 - 6y + 9 - 4 sin~ 0=0 
This is required equation of circle D. 

2. Let [a] denote the largest integer not exceeding 
the real number a. If x and y satisfy the equations 


y = 2[x] + 3, and y = 3[x - 2] + 5, simultaneously, 

determine [x + y] 

Soln. 

If x = a + f where a is the integeral part and f is the 
positive fractional part. 

• . • y = 2[x] + 3 = 2[a + f] + 3 = 2a + 3 (i) 

y = 3[x - 2] + 5 = 3[a + f - 2] + 5 

= 3(a - 2) + 5 = 3a - 1 (ii) 

Subtract eqn. (i) from eqn. (ii), we get, 

0 = a - 4 
•\ a = 4 

y = 3x4- 1 = 11 

[x + y] = (a + f + y] = [4 + f + 11] = [15 + f] = 15 
[x + y] = 15. 

3. If x, y and z are real numbers such that 
x + y + z = 5 and xy + yz + zx = 3, determine the 
largest possible value of x. 

Soln. 

Since x + y + z = 5=> y = 5 - x - z 
Again, xy + yz + zx = 3 
=> x(5 - x - z) + (5 - x - z)z + zx = 3 
=> 5 x - x 2 - xz + 5z - xz - z 2 + zx = 3 
=> z 2 + (x - 5)z + (x 2 - 5x + 3) = 0 
• . • z is real so discriminant u - 4ac £ 0 
.•. (x - 5) 2 + 4(x 2 - 5x + 3) > 0 
=> x 2 - 10x + 25-4x 2 + 20x- 12S> 0 
=> 3x 2 - lOx- 13< 0=> 3x 2 - 13x + 3x - 13 < 0 

13 V3^x-yl* 0 


=> (3x + 3) 
=> (x + 1) 
.-. -1 < x < 


3 
r J 

x - 


X- — 

13 
3 


3 , 
13 ^ 

3 


< 0 


< 0 


. Largest value of x is 13/3. 
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4. The quadratic equations x 2 + ax+ 3b = Oand 
x 2 + bx + 3a = 0 have only one common root. If a 
and b are non-zero real numbers, prove that the other 
roots of these equations satisfy the equation 

x 2 + 3x + ab = 0 
Soln. 

Given equations are 

x 2 + ax + 3b = 0 and x 2 + bx + 3a = 0 

Let a is common root then 

a 2 + aa + 3b = 0 and a 2 + ba + 3a = 0 

a 2 a 1 

3a 2 - 3b 2 - 3a b - a 

3a 2 -3b 2 , ,, 

' >0= lb^37"' (a+b) (l) 

Also a = = 3 (ii) 

b - a 

A - (a + b) = 3 (iii) 

Let p! and P 2 be the other roots of the equations. 

•\ aPi = 3b => Pi = b 
VaP 2 = 3a P 2 = a 

Pi + P 2 = a + b= -3 => P 1 P 2 = ab 
Required equation 

=> x 2 -(Pj + P 2 )x+ P 1 P 2 = 0 

=> x 2 + 3x + ab = 0 

where pi & P 2 are two roots of this equations. 

5 . If log 2 x + log 2 y £ 6, prove that the smallest 
possible value of x + y is 16 

Soln. 

Since log 2 x + log 2 y £ 6 
=> log 2 (xy)£ 6=> xy £ 2 6 

V x + y =/(x - y) 2 + 4xy 

£ V 4xy > V4-26 > 16 
so smallest value of x + y is 16. 

6. There are three non-zero complex numbers 
which satisfy the equation i z = z 2 

Soln. 

Let z = x + iy then z = x - iy 
From question, i z = z 2 

i(x - iy) = (x + iy) 2 
=> i (x - iy) = x 2 - y 2 + i2xy 

=> ix + y = x - y + i2xy 
Equating real and imaginary parts, we get 

x 2 - y 2 = y (i) and 2xy = x (ii) 

=> (2xy - x) = 0 => x(2y - 1) = 0 

„ MATHEMATICS today 


Either x= Oor y= ^ 

Put x = 0 in the eqn. (i) we get 

-y 2 = y => y 2 + y = 0 => y(y + 1)= 0 
Either y = 0 or y = -1 
Again put y = Vi in the equation (i) we get 

x 2 - (Vi) 2 = Vi => x 2 = Vi + 1/4 = % 

V3" 

••• x = ± — 

_ VT .1 

z = 0-il, + + > 2 » -y + , 2 

so three non zero complex numbers are = 1 

. VI .1 V 5 \ .1 

- 1 , — + 1 “, - — + 1 — 

2 2 2 2 

7. Choose any 9 distinct integers. Those 9 integers 
can be arranged to give 9! determinants, each of 
order 3 by 3. 

Determine the sum of these 9! determinants. 

Soln. 

Let those 9 numbers are a, b, c, d, e, f, g, h and i 

a b c 

d e f 

g h i 


so one determinant is 


a can be arranged in 9 ways 
b can be arranged in 8 ways 
c can be arranged in 7 ways 
d can be arranged in 6 ways 
e can be arranged in 5 ways 
f can be arranged in 4 ways 
g can be arranged in 3 ways 
h can be arranged in 2 ways 
i can be arranged in 1 way 

so 9 integers can be arranged to form 9! deter- 
minants. 

Sum of the 9! determinants 


£a 

Ea 

Ea 

Da 

Ea 

Ea 

Ea 

Ea 

Ea 


= (£a Y 


1 


= 0 


8. Determine all those value of p for which two 
chords can be drawn from the point (P, P) on the 
circle 
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P) 2 + y 2 = P 2 both of which are bisected by the 


(x 

straight line x - 2y + 2 = 0 

Soln. 

Let AB and AC are 
two chords drawn 
from a point A(P,P). 

Let the line 
x - 2y + 2 = 0 
bisects the line AB 
on the point P 

LetP= - 1 





a,^(a + 2) 


and B a [x, y] 


Since P is middle point of AB 
.*. a = — p- => x = 2 a - P. 


Also ^ (a + 2) = ^ ^ => y = a + 2 - P 

Bs (x, y) is a point on the circle (x - P) 2 + y 2 = P 2 
.-. (x-Pr + y^P 2 
=> [2a - P - P] 2 + [a + 2 - PI 2 = P 2 
=> 4a 2 -8aP+ 4P 2 + a 2 + 4+ P 2 + 4a - 4P + 2aP= P 2 
=> 5a 2 + (4 - 10P)a + (4P 2 - 4P + 4) = 0 
for a real and different we get, 

(4 - 10P) 2 - 4-5 (4P 2 - 4P ± .4) > 0 

=> 16 - 80 P + 100 P 2 - 80P 2 + 80P - 80 > 0 

=> 5P 2 - 16 > 0 => p 2 > y 



9. The angles A, B and C of a triangle ABC are in 
arithmetic progression. If 2b 2 = 3c 2 , determine the 
angle A. 

Soln. 

Since A, B and C are in A.P. 
so 2B = A + C 

we know, A + B + C = Jt=> 3B = n 



’ . * 2b 2 = 3c 2 

b VT V3/2 sin n /3 ^ sin Jt /3 _ sin w /3 
c-^2-7732-sinn/4- sine ~sinn/4 


SO, c a n/4 

jt /3 - Jt /4 


/A = radians. 


10. Prove that 

jt 3 ji 5 k 1 
COSJ+ cos — + cos — = — 

Soln. 

it 3 it 5 jt 
' . ' cos — + cos — + cos — 


1 


2 sin Jt /7 


- . Jt Jt - . Jt 3 it 
2 sin — . cos — + 2 sin — . cos — + 


. . Jt 5 ji I 
2 sin — . cos — 


1 


2 sin Jt /7 


. 2 ji . 4 jt . 2 ji , . 6 n 

sin — + sin-- sin — + sin — - 


sin 


. , Jt 
x sin I Jt- — 


1_ 

2 sin Jt /7 1 ■ , 

jt 3jt 5n 1 
cos — + cos — + cos — = ^ 


1 

2 


4 ji~| 

7j 


11. Use the formula 

(Sx3)xS = (S.S)3-(3 .S)S 

to prove that 

{[(X+S)x(X+(?)]x(§x£) }.(f +<?) = c5 


where I Si = 1 5l= 1 
Soln. 

\-{[(2+S)x(X+€)]x(3x6)hS+£) 

= {[(X+ S)-(Sx^)}(X+ (?)- 

{(X+^)(Sx^)}(X+S)}-(S+6) 

= {[XS6](X+5)-[^S6](X+S)hS+6) 
=[XS2]{X+2-X-SkS+£) 

= [XS5][i?i 2 -ifi 2 ]*[S^^]ti-n»o 

.*. {[(X + S)x(X + ?)]X(Sx^)}(S + ?)aO 

12. Let AB be a line segment of length 4 with A on 
the line y - 2x and B on the line y ■ x. Determine the 
locus of the middle points of all such line segments. 


S 


MiTIf mTtei today oaubttiy* 



=> 4x'- 2y' = a (i) 

•/MB 2 = 4 

=> (x'-a) 2 + (y'-a) 2 = 4 
=> (x'-4x'+ 2y') 2 + (y'-4x'+ 2y') 2 = 4 
=> 9x' 2 - 12xY+ 4y' 2 +9y' 2 + 16x' 2 - 24x'y' = 4 
=> 25 x' 2 + 13y' 2 - 36x'y' = 4 
Locus of middle point of AB is 
25x 2 + 13y 2 - 36xy = 4. 


13. Let P(x) denote the probability of the occurrence 
of event x. Plot all those points (x, y) = (P(A), P(B)) 
in a plane which satisfy the conditions 

Soln. 


/ P(A u B) £ | => P(A) + P(B) - P(A n B) £ - 
H 4 

=> P(A) + P(B) | + P(A n B) 

- H-l 

so.x + y^l (i) 

Again we know, P(A uB)Sl 

=> P(A)+ P(B) - P(A nB)S 1 
=> P(A) + P(B) 2 1 + P(A n B) 

=> P(A)+ P(B) :£ 1 + j => x + yS y (ii) 



Required plot graphical part I i.e. area ABCD 

f 4. The coefficients a, b and c of the quadratic equa- 
tion ax + bx + c = 0 are determined by throwing a 
dice three times. Determine the probability that the 
roots of the equation are real. 

Soln. 

When a dice is thrown, possible outcomes are 
1,2, 3, 4,5, 6. 

Hence a, b & c each can have six values 1,2, 3, 4,5, 6. 
Hence n(s) = 6x6x6. 

Let E be the event of getting real roots so that 

D = b - 4ac £ 0 

Then 

E = {b = 2, {(a,c)} = {(l, 1)} i 

b = 3, {(a, c)} = {(1, 1), (1,2), (2, 1)} 3 

b = 4, {(a, c)} = {(1,1), (1,2), (1,3), (1,4), (2, 1), 

(2, 2), (3, 1), (4, 1)} g 

b = 5, {(a, c)} = {(1, 1), (1, 2), (1, 3), (1,4), (1,5), 
(1.6), (2, 1), (2, 2), (2. 3), (3. 1), 

(3,2), (4,1), (5,1), (6,1)} 14 

b = 6, {(a, c)} = {(1, 1), (l, 2), (1, 3), (1,4), (1, 5), 

( 1 , 6 ), ( 2 , 1 ), ( 2 , 2 ), ( 2 , 3 ), ( 2 , 4 ), 

(3, 1), (3, 2), (3, 3), (4, 1), (4, 2) 

(5,1), (6,1)} 17 

n(5)= 1 + 3 + 8+ 14 + 17 = 43 
p/g) _ n(4) 43 _ 43 

n(s) 6x6x6 216’ 


15. An airplane flew over a small airport at 300 
kms/hr. Ten minutes later, another airplane flew over 
the airport at 240 kms/hr. at the same altitude. If the 
first airplane was flying west and other the second 
was flying south and both the planes maintained their 
respective speeds find how fast they were separating 
20 minutes after the second plane flew other the air- 


port. 

Soln. 
velocity of Aj = vj 

= 300 km/hr 

= ^km/m= 5 km/m 

velocity of A 2 = v 2 

= 240 km/hr 



= — km/m= 4 km/m 

Let after t minutes A 2 reached on the point Q and 
after t + 10 minutes A| reached on the point P. 
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Where Aj & A 2 are first and second airplane respec- 
tively. 

’ . * OP = 5(t + 10) = 5t + 50 lcms 
OQ = 4t kms 
PQ 2 = OP 2 + OQ 2 

= (5t + 50) 2 + (4t) 2 
= 25t 2 + 500t + 2500 + 16t 2 
= 41 t 2 + 500t + 2500 
PQ = V41 1 2 + 500t + 2500 

1 (PQ) - T ~1 x [82 1 + 500] 

dt v 2\41t 2 + 500t + 2500 
After 20 minutes i.e. t = 20 
1640 + 500 

= 2 V 820 x 20 + 500 x 20 + 2500 

2140 2140 

“ 2V 16400+ 10000 + 2500 2 V 28900 


2140 


= 6.3 kms. (approx.) 


2x 170 

16 . Use the properties of the definite integrals to 
evaluate the integral 

} sin 100 x . cos" x dx 
0 

Soln. 

I ss Jsin 100 x . cos" x dx 
0 


■f. 


sin 100 (Jl - x) . cos" (71 - x) dx 


= -fsin ,00 x.cos"xdx = -I 


.•.21 = 0 => 1 = 0 

J sin 100 x . cos" x dx = 0 
0 

17 . Evaluate the integral 

J sin (log4x) dx 

Soln. 

I = j sin (log4x) dx 

dx = sin (log 4x) J dx - J I J 


dx 


d 

— sin (log 4x) 
dx 


= sin (log 4x). x - J x . c - dx 

= sin (log 4x). x - cos (log 4x) J dx + 


((> 


dx j — cos (log 4x) | dx 


= sin (log 4x). x - cos (log 4x). x - 

f sin (log 4x) dx 

J x 

= x[ sin (log 4x) - cos (log 4x)] - 1 
.'. I = ^ t sin (log 4x) - cos (log 4x)]. 

18. Determine the largest area of the rectangle whose 
base is on the x-axis and two of its vertices lie on the 



Let ABCD is a rectangle whose base is on the x-axis 

and two vertices A and B lie on the curve y = e~* we 
have OA = OB 

Let OA = OB = x and AD = y 

2 

Area of rectangle = 2xy => A = 2x.e x 
dx dx 


4 


= 2 e * +x. 


d .-x 2 dx" 


dx 2 


dx 


= 2 [e~ x -2x 2 e x ] = 2e x [ 1 -2x^1 

£A = ^e-'(0-4x) + (l-2x J )|;e-»’x^ 

= 2 [ e" x * (0 - 4x) - (1 - 2x 2 ) (2xe“ x )] 

= 4xe“ x2 [ -2 - 1 + 2x 2 ] = 4xe -x [2x 2 - 3] 

For maxima & minima 

^=0 

dx 

=> 2 e - * 2 [1 - 2x 2 ] = 0=> x = ± 


to 


MATHEMATICS today ocober 1996 


* 

« 


Now, 


d 2 A 


dx 


J x=+ 


2<2 . 

= -^x 2 

^ 4^2 n 

ir <0 


= 4 . -r-e" ^ 2 l/4 ' 3 ^ 
l V2 


Hence, A is maximum when x = 

Now, x = given, y = e" ^ 

Hence largest area of rectangle = 2 . . e ^ 


19. The algebric sums of the moments of a system of 
coplanar forces about three points ( 1 , 0 ), ( 0 , 2 ) and 
(2, 3) are 4, 1 and 2 respectively. Determine the tan- 
gent of the angle which the resultant force makes 
with the positive direction of the x-axis. 



positive direction of the x-axis 
Moment about As (1, 0) = 4 

=> -Fsin © (a - 1) = 4 (i) 

Moment about Bs (0, 2) = 1 

=> F cos 0.2 - F sin 0. a = 1 _(ii) 

Moment about C s (2, 3) = 2 

F cos 0 . 3 - F sin 0 (a - 2 ) = 2 (iii) 

Subtracting (ii) from (iii) 


F cos 0+2F sin 0 = 1 => F 

(cos 0 + 2 sin 0 ) 


••(iv) 


Divide (ii) by (i) we get, 

F cos 0, 2 ^ F sin 0 a 

Fsin0(a-1) Fsin0(a-1)~4 

=> -2_cot0 = — I = *Lz£±i = Ja+1_ 
a- 1 „ a-1 4 4 (a - 1) 4(a— 1) 


=» fco. 8 -i 

8 3 

From eqn. (i), -F (a - 1 ) sin 0 = 4 
=> +F f Scoto^' 


=> F 


1 - 8 cot 0 + 1 


sin0= 4 
sin 0 = 4 


_ r- 4 (1 - 2 cOt 0 ) . „ . 

=> F 4 A L sin 0 = 4 


=> F= 

sin 0 - 2 cos 0 

From eqns. (iv) and (v) 

1 3 


•(v) 


2 sin 0 + 2 cos 0 ~ sin 0 - 2 cos 0 
=*> sin 0 - 2 cos 0 = 6 sin 0 + 3 cos 0 
=> 5 sin 0 + 5 cos 0=0 
=> sin 0 + cos 0=0 

=> sin 7 . sin 0 + cos 7 . cos 0 = 0 
4 4 




0~7 = 0 = cos 


=> cos 


Angle = n-0= n- - 
4 4 

Tangent of the angle which resultant force makes 
with the positive direction of the x-axis is 

tan 7 = 1 
4 


20. Two particles A and B are projected from the 
same point in the same vertical plane with equal 
velocities. The particles A and B take 5 and 4 
minutes respectively, to common point of their paths. 
If the particles A and B take 4 & 3 minutes respec- 
tively to each their highest points, determine the 
velocity with which the particles were projected 
Soln. & 



u cosp 

Let two particles A & B are projected from a point O 
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with velocity u. Those highest point are D & C 
respectively and they meets at a point P. Let T 0 is 
time to reach the highest point. 

• • T _ u sin a => 4 _ usinct 
‘ 0 g g 

and 3 = usin^ 
g 

= - => 3 sin a = 4 sin P (i) 

sin P 3 

For particle A, OP = 5 u cos a 
For particle B, OP = 4 u cos P 
5 u cos a = 4 u cos P 
=> 5 cos a = 4cos P .... (ii) 


Square & adding equations (i) and (ii) we get, 
9 sin 2 <x + 25 cos 2 a = 16 sin 2 P + 16 cos p 

=> 9 sin 2 a + 25 - 25 sin 2 a = 16 

o . 2 9 

=> 16 sirf a = 9 => sin a ” 


3 

/. sin a = t 

4 

u sin a 

* . * 4 = 

g 

_ 4g _ 4 x 9.8x4 _ 46 27 ^ 

-> u sin a 3 

So the velocity with which the particles were 
projected is 46.27 m/s. 


LRRGEST-KNDUJN PRIME NUMBER 


The number (2 8S9 - 433 - 1) listed in the 
Guinness Book of Records as the largest- 
known prime number, has been knocked 
into numerical obscurity by (2 1 257,787 - 1), 
a monster of 378,632 digits which has been 
proven prime by a computer at Cray 
Research, Wisconsin. It would take about 
12 pages of this newspaper to print out 
the number in full, the old record-holder 
would have run out after about nine pages. 

Prime number Those that can be divided 
without remainder by no whole numbers 
other than one and themselves have fascinated 
mathematicians for more than 2,000 years. 
Euclid provided the first simple proof that 
'there is an infinity of primes. (If not, must 
multiply them all together and add one. The 
resulting number is either itself prime or 
has a prime divisor different from those 
you started with, QED). 

For the last 100 years, we have even 
known roughly how many prime numbers 
there are below any giveN figure. (This is 
given by the so-called prime number theorem, 


first proved in 1896). Yet despite knowing 
there is no largest prime, people have 
continued searching for every larger ones. 

In 1772, the record was held by a 10- 
digit number, by 1884, it had been raised 
to 20 digits, but the real acceleration began 
in the computer age. In 1971, months of 
computer calculation led to the discovery 
of a 6,002-digit prime, and in the 1980s 
and 90s Cray computers have been pushing 
the record higher almost every year. 

A spokesman for Cray described prime 
testing as a torture test for supercomputers. 
Others might call it a waste of time. Recently, 
however, the task of factorising large 
numbers has had important application in 
computer security. 

We had intended to print the new top 
prime in full, but perhaps for reasons of 
security the people at Cray have no divulged 
all its digits. Of course, you can work it 
out yourself: just take 1, 257, 787 twos, multiply 
them together and subtract one from the 
answer. 


12 
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PART-A 

q 2 , .2 , 2 

<4 T r • n a+D+C 

* . If sin 0 = — — 

ab + be + ca 

solution for 0 

( a ) a 2 + b 2 + c 2 < 1 

(b) a = b = c 

( c ) a 2 + b 2 + c 2 lie between -1 to 1 

(d) be + ca + ab = 0 


2. 12 


1-2 2-2 2 3-2 3 


15-2 15 

2! + 4! + 5! + " 


’ 17! 

(•) a. 16 - 2 ' 7 

(b) 

2-2 17 

17! 


17! 

<0 j _ 16-2 17 

(d) 

? 16 

1 ~Y1\ 

y 17! 



3. 




is the graph of 
(a) y< x 
(c) y < I x I 


(b) I y I < I x I 
(d) I y I < x 


4. Curve in the complex plane 


Re 


1 ] 1 . 
z = 4 ,Sa 


(a) circle of radius 2 (b) circle of radius 1 
(c) straight line (d) none 

5. If I x 2 - 7x + 12 1 > x 2 - 7x + 12 then 

(a) x < 3 or x > 4 (b) 3 £ x < 4 

(c) 3 < x < 4 (d) none of 4 or 3 

6 . Nos. of order of pair (x, y) satisfying 
x 2 + 6x + y 2 = 4 is 

(a) 2 (b) 6 

(c) 8 (d) 4 

7. If x is real, y = ^ e x - e _x j then x equals to 


( a ) log (y + V y 2 + 1 ) log ( y - V +1 ) 

(b) only log ( y + Vy 2 + 1 ) 

( c ) log (y + V y 2 - 1 ) log ( y — V y 2 — 1 ) 

(d) only log ( y + V y 2 - 1 ) 

„ „ sin ax , dy 

9. y = 3 — .Find^ 

cos bx dx 

4 

e 

1 0. Find the value of j V log x dx in terms of a 

C 

When J e x dx = a 

1 1 . The smallest integer greater than the real no. 

(V5 +>/3') 2n is 

(a) 8n (b) 4 2 " 

(®) (V5 +V3 ) 2n + (V5'-V3 ) 2n 

12. In a triangle the internal bisector of angle A 
meets BC at D. AB = 4, AC = 3, A = 60. Find AD 

13. Consider continuous function T in the interval 
[0, 1 ] which satisfy 

(i) f(x) < VF for all x e [0, 1] 

(ii) f(x) < | for all x e ^ , 1 J 

The smallest real no. ’a’ such that inequality 
j f(x) dx < a holds for any f is 
(a) VT 


(c) 2 +3 logy 


(b) + 2 log 2 


(d) 2 + log 


vr 


14. 1 and P be any odd prime nos. Then the nos. of 
+ve integer K with 1 < K < P satisfy; for which K 2 
leaves a remainder of 1 when divided by P is 
(a) 1 (b) 2 

(c) P -1 (d) P-1 

2 


15. If f(x) is a polynomial of x and a, b are distinct 
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real nos. then the remainder in the division of f(x) by 

(x - a) (x - b) is 

(i) (x - a) f(a) - (x - b) f(b) 

( x - a) f(b) - (x - b) f(a) 
w b-a 


16 . Consider the sequence aj = 101 a 2 = 10101 
as = 1010101 and so on. Then is a composite no. 
When 

(a) If K £ 2 and 1 1 divides 10 K+1 + 1 

(b) If K £ 2 and 1 1 divides 10 K+1 - 1 

(c) If K £ 2 and K - 2 is divisible by 3 


17 . If x. y, z are arbitrary constants satisfying the 
equation 

4xy + 6yz + 8zx = 9 

then the maximum value of xyz is 

» ar <b) f 

(c) 3 (d) none 

8 


18 . Let f and g be two functions defined for all I 
such that f(x) £ 0 and g(x) < 0 then 

(a) f is decreasing on I, g is increasing on I 

(b) fg is strictly increasing 

(c) fg is strictly decreasing 

(d) nothing can be said 


22. In a quarter circle a square is inscribed in such a 
way that its vertices lie on the figure as shown. Sides 
of square are ‘a’ 

Find the radius of the circle. 



23. If the bisectors of a quadrilateral form a quad- 
rilateral then the sum of the cosine of all the angles 
of new quadrilateral is 

(a) dependent of previous quadrilateral 

(b) non dependent of previous quadrilateral 

(c) A constant 

(d) equal to the sum of sine of all the previous 
angles of the quadrilateral. 

24. f(x) = a 2 + 2x whenx£ 0 
= ax + b when x > 0 

f is differentiable when at x = 0 when 

(a) a = 2 b = 0 

(b) a = 0 b = 0 

(c) a = 2 b = any arbitrary const. 

(d) a = 0 b = any arbitrary const 


2x 

19 . The curve r has 

1+x 2 

(a) Exactly 3 points of inflection seperated by a 
point of maximum and minimum 

(b) Exactly 2 points of inflection and maximum 
lying between them 

(c) Exactly 2 points of inflection and minimum 
lying between them 

20 . Four subjects are there in which marks can be 
scored from 0 to 10 then the number of ways that 
total marks obtained will be 21 is 

(a) 220 (b) 760 

(c) 450 (d) 1360 

21 . Find the number of ways that product of any 
number of consecutive numbers from 1 to 8 which 
can be divisible by 5 is 

(a) 2-7! (b) 8-7! 

(c) 7! (d) 4- 7 C 4 5!3!4! 


PART-B 

1. Find the area of the region in any plane bounded 
by graphs of y = x 2 , x + y = 2 and y = Wx” 

2. Show that if x is any odd integer then x 5 - x is 
divisible by 80. 

3. Using calculus sketch the graph of the following 
function on a plane paper 


4. P(x) = x° + a„. , x"' 1 + a„. 2 x n ‘ 2 + +aix + ao be 

a polynomial with integer co-efficients such that 
P(0) x P(l) are odd integers. Show that 

(a) P(x) does not have any even integer root 

(b) P(x) does not have odd integer root 

5. Let ABC be any triangle right angled at A, with 
D any point on the side AB. The line DE is drawn 
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parallel to BC to meet AC at point E. F is the foot of 
the perpendicular drawn from E to BC. If AD = Xj 
DB = X2 BF = X3 EF = X4 and AE = x^ 
then show that 

x l x 2 x i x 3 + X 4 X 5 

x 5 x 5 ~~ X3X5 — x 1 x 4 

6. If regular five pointed star is inscribed in a circle 
of radius V. Show that the area of the star is 


f 


lOr - tan 


10 


3-un 2 |i 


V 


7. (a) In the identity 

nj 

x(x+ l)(x+ 2}+- (x+*n) 

( 

Prove that A^ = (-1)^ 

(b) Deduce that 




=X 


k=0 


Ak 

x+K 




v K y 


' "1 1 f n> 

1 

n > 

l 0 J 1'2 " i I J 

2-3 

\ 



(-l)n 


v n y 


1 

1 1 

n+ 1 n + 2 


8 . (a) Given ‘m’ identical symbols say Hs. Show 
that the number of ways in which you can distribute 
them in k box is marked 1, 2, k, so that no box 


fm-1 

is U-> 


goes empty 

(b) In an arrangement of m - H’s and n - T’s an 
uninterrupted sequence of one kind of symbol is 
called a run. 

equating the arrangement HHH T HH TTT H of 6H 
and 4T opens with an H run of length 3, followed by 
a T run of length 1, an H run of length 2 a T run of 
length 3 and finally an H run of length 1 . 

Find the number of arrangements of mH and n T in 
which there are exactly K H runs. 

9. A pair of complex number Z\, 7 ^ is used to have 
properly P if for every complex number Z we can 
find real numbers ‘r’ and ’s’ such that Z = rZj + sZ2- 
Show that a pair of (Zj , Z2) have properly P if and 
only if the points (Zj, Z2) and O on the complex 
plane are not collinear. 
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Business schools command respect and 
reverence in the mindsets of the intelligentsia of any 
country. The aura and mystique surrounding the 
MBA degree is a cleverly cultivated myth which has 
grown by leaps and bounds. The rapid mushrooming 
of business schools, much like the teeming of 
mosquitoes after the first rain, has in some way jolted 
this myth. Suddenly, these schools are omnipresent. 
Recognised, unrecognised; backed by a university or 
autonomous, yearly, semester, trimester, and 
permutations and combinations of all these. Though 
the phenomenon of universalisation of business 
schools has made them more visible, the aura 
enveloping them continues unbated. 

Many things happen simultaneously, as soon as 
you enter any business school. The reaction of 
society, particularly your peer group, does a volte 
face. Ambiguity regarding your future turns into 
certainty (the increased rate of marriage proposals 
bear ample testimony to this!), ditherence about your 
capability turns into healthy respect, and suspicion of 
foolhardiness gives way to intellectualism. And, 
believe it or not all this is a positive ego boost for the 
centre of attraction - the entrant. 

His own perception regarding himself changes. 
He feels more confident and assured. A major 
contributor to this new-found confidence is the 
certainty of a good job. The demand for MBAs, 
despite burgeoning business schools, far outstrips 
their supply. Organisations' preference for MBAs in 
their hierarchy, at all possible levels, assures the 
young student of a niche somewhere. 

Another thing happens. He suddenly becomes 
more aware of his surroundings. He might be 
unaware of the bustling corporate world, or the 
fluctuations of the stock market earlier, but the new 
statc-of-affairs make way for a heightened sense of 
awareness of one's environment. His curiosity 
regarding his future workplace manifests itself 
through in-depth persual of newspapers, periodicals, 


magazines, and textbooks. He is suddenly exposed to 
a wealth of data. And, in his anxiety, he wants to 
digest it all. In addition, at a deeper level, there is the 
fact of personality development at a subtle pace in a 
slow and steady manner. His exposure to information 
sources, interaction with teachers and peer group, 
and direct contact with the corporate world via 
summer training - all contribute to the blossoming of 
hispersonality. 

A new phase of life confronts him at the end of 
two years. Gone is the protected, serene, and stable 
environment of the business school. The days ahead 
give him an inkling of the harsh rivalry, cut-throat 
competition, and heightened expectations. With the 
tag of MBA on him, he is expected to deliver each 
time, time after time. A unique development 
precedes this - that of displacement. Hitherto, even 
after staying away from home because of education, 
a sense of a home beckoning you always remains. 
Come vacations and one longs to be in one’s home 
where a sense of protection and care engulfs you. 
But the fresher MBA is expected to perform a 
permanent eloping. Gone is the notion of a home and 
the sense of anxiety associated with homecoming. To 
survive in the corporate world requires total 
dedication in addition to skills. The concept of 
locational constraints somehow loses its meaning. 
It's like a make-or-break chance. No body is willing 
to hamper his chances of success by these petty 
barriers. It's now or never. And so each one of them 
joins the bandwagon - forgetting everything about 
dwelling, food, or society. The concentration is on a 
career which overshadows everything else. 

And once the rat race starts, there is no looking 
back. It is a mad rush to the top echelons of the 
organisation. Since the space at the top is usually 
narrow, only the fittest survive - those who have 
excelled in gaining recognition, creating favourable 
impact on their bosses, and backing all this with solid 
factual results. In the process, the first thing to be 
sacrificed is family life. Other sacrificial areas 
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include peace, happiness and time. They arc 
respectively replaced by tentions and worries, 
disillusionment, and ; n extremely busy life. By the 
time the MBAs stop to ponder about all this, it is, 
perhaps, too late for them. The system has caught up 
with them and they are trapped in the vortex of the 
overall environment enveloping them. 

Will this rat race for name, fame, recognition, 
and money ever end? Will MBAs, fetish for status 
and recognition continue to drive them towards the 
materialistic world? How long will money continue 
to rule over values and basic human endeavours? 
How long will the dichotomy between organisation’s 
family and the personal family continue to get settled 
in favour of the former ? Career is everybody’s 
passion. But is there a feeble voice which places 
internal happiness, soulful satisfaction, and 
personality enhancement at par with career 
advancement? Certainly, these questions are not for 
the fresher MBA. He is bound by the tradition and 
customs of M BAs all round him. 

Isn’t it ironical that such and related questions 
strike him only later in his career. A sense of 
despondency and the realisation of 
"could-have-done-something.different" bears ample 
proof to the important of addressing all these 
questions at the start and not at the middle of your 
career. 

Change is the essence of life. A conscious shift 
in the attitude of fresh MBAs towards their careers 
can go a long way in adding happiness to their own 
lives and confirming their status as better human 
beings in society. 


Conld. from page No.. 58 
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MATHEMATICS FOUNDATION 


HIGHER ALGEBRA PROBLEMS 

— V. Vasudevan Potti, Trivandrum 


1 . If|i±^=3l±|£ = 3£±|i lhenwm 

3a - 2b 3b - 2c 3c - 2a 

5(x+ y+ z)(5c+ 4b- 3a) = (9x+ 8y+ 13zXa+ b+ c). 

Sain. 

Ifr = T = T = k then each ratio equals ; 

b d f b + d + f 


a + c + e _ kb + kd + kf _ k(b + d + f) _ 

b+d+f - b+d+f ~ b+d+f -k 

• H 2 C 4* 3c 

Similarly each ratio equals k + 2d4-3f 

Applying this result each fraction equals 
3x+ 2y4- 3y4- 2z+ 3z-f 2x 5 (x4- y+ z ) 
3a- 2b+ 3b- 2c+ 3c- 2a ~ a+b+c 
Again each fraction equals 

3x + 2y + 2(3y + 2z) 4- 3(3z + 2x) 

~ 3a- 2b + 2(3b - 2c) 4- 3(3c- 2a) 

3x4- 2y4- 6y4- 4z+ 9z4- 6x 9x-f 8y4- 13z 
~~ 3a- 2b4- 6b- 4c+ 9c- 6a 5c+ 4b- 3a 


Equating the two ratios 
5(x4- y+ z) 9x-f 8y-t- 13z 

a 4- b4- c 5c 4- 4b- 3a 
/. 5(x 4-y 4-z)(5c 4-4b -3a) = (9x -»-8y 4-13z)(a 4-b +c). 


2. With 17 consonants and 5 vowels how many 
words of four letters can be formed having 2 dif- 
ferent vowels in the middle and 1 consonant 
crepeated or different at each end. 

Soln. 

First place is filled using any of 17 consonants, 
second place using any of 5 vowels, third place using 
remaining 4 vowels and last place using 17 con- 
sonants (since repetition of consonants is allowed) 
number of 4 letter words = 17x5x4x 17 
= 289 x 20 = 5780. 


3. A question was lost on which 600 persons had 


voted. The same persons having voted again on the 
same question it was carried by twice as many as it 
was before lost by and the new majority vote was to 
the former as 8 to 7. How many changed their mind 
Soln. 

Let x be the number of persons voted in favour of th£ 
question in the first time 

No. of persons voted against = 600 - x 
Majority by which the question was lost = (600 -x) -x 

= 600 -2x 

Let y persons changed their mind for the second time 
Then the number of persons voted in favour of the 
question = x 4- y 

No. of persons voted against = 600 - (x 4- y) 

Majority by which the question was carried by 

= (x 4 - y) - (600 - (x 4 - y) ) 

= 2(x 4- y) - 600 

Given, 

Mojority by which the question was carried by 
= 2 x majority by which it was lost 
2(x 4- y) - 600 = 2(600 - 2x) 

2x 4 - 2y - 600 = 1 200 - 4x 

6x 4- 2y = 1 800 3x 4 - y = 900 

Ratio of new majority vote to the old = 8 : 7 

= | => 7x + 7y = 4800 - 8x 
600 - x 7 * 2 3 

and 15x + 7y= 4800 (i) 

15x + 7y= 4800 

15x + 5y = 4500 (ii) 

Subtracting, 2y = 300 => y = 150 

/. Number of persons who changed their 

mind= 150. 


4. Show that 


log 


(1 + x)'~ x/i 

(1- x) I+x ^ 


5x 3 9x s 
= X+ 2^ + ?5 + 
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Sola 

LHS = log 


(»+*) 


\-xA 


A+\A 


(l-x)‘ 

= log(l+x) l '^-log(l-x) l+,/i 
= ^y i log(l+x)--^Iog(l-x) 

= J [log ( 1 + x) - log (1 - x)] - 

|[log(l +x) + log(l -x)] 


=> 2 


2 3 4 

X X X 

x -y + y-T + - 

x 2 x 3 x 4 

x -y + y-r 


2 3 

XXX 


2 3 


x- 


X 2 X 3 X 


2 3 


. 2x 3 2x 5 

2 x+ y" + y~ + ' 


x 3 x 5 

= x + y + T + . 


= x + 


(\ 1 1 

3 

r 1 1 1 

2 + 3 

V_ ) 

x" + 

4 + 5 

\ J 


2x 2 x 4 2x 6 

y + 2 T + “6"- 

3 5 7 

XXX 

- + y + T + y + - 


x 5 + . 


- v U. — v 3 4- — v 5 4- — v 7 4- 

2-3 4-5 6-7 


5. Solve the equations 

(i) ^ (a + x) 2 + 2 ^ (a - x) 2 =3 ^ a 2 - x 2 

(ii) (x - a) 1/5 (x - b)'* - (x - c) W (x - d)^ = 

(a-c)^(b-d)'^ 

Soln. 

(i) Given, 

w +2 = 3 


Dividing, by \ a 2 - x 2 
^ a + x 


Put, y 


+ 2 

a - x 

. y = v 


. Viny = 3 

a + x 


a + x 
a - x 


2 ? 

then y + — = 3, y + 2 = 3y 


y - 3y + 2 = 0 


(y - i )(y - 2) = 0 => y = 1 or 2 
i.e. = 1 or i~ 


a - x 
a + x 


a - x 


= 1 


or- 


a + x 
a - x 
a + x 


= 2 


a - x 


= 2 


a + x = a - x a + x = a.2 - x. 2 

2x = 0 (2 m + 1 )x = a.2 m - a 


x = 0 


(ii) (x - a) M (x - b)'* - (x - c) l/l (x - d) h = 

(a -c)'^ (b - d)'^ 

= [(x - c) -(x - a) ] Vl [(x -d) - (x - b) ]** 
Squaring both sides, 

(x - a)(x - b) + (x - c)(x - d) 

- 2V(x - a)(x - b)(x - c)(x - d) 
= [(x - c) - (x - a)][(x - d) - (x - b)] 

= (x - c)(x - d) - (x - b)(x - c) - (x - a)(x - d) 

+ (x - a)(x - b) 

•\ (x - c)(x - b) + (x - a)(x - d) = 

2V (x - a)(x - b)(x - c)(x - d) 

Squaring, 

(x - c) 2 (x - b) 2 + (x - a) 2 (x - d) 2 + 

2(x - a)(x - b)(x - c)(x - d) 

= 4(x - a)(x - b)(x - c)(x - d) 

(x - c)“(x - b)“ + (x - a)“(x - d)~ - 

2 (x - a)(x - b)(x - c)(x - d) = 0 
[(x - c)(x - b) - (x - a)(x - d)] 2 = 0 
i.e. (x - c)(x - b) = (x - a)(x - d) 
x 2 - bx - cx + be = x 2 - ax - dx + ad 
x(a + d - b - c) = ad - be 
_ rid - be 
X a-b-c+d ’ 

6. Prove that 

, 2 2-5 2.5.8 

r4=1+ 6 + yy + yiyi8 + 




x _ a (2 - 1 ) 
( 2 m + 1 ) 

s '/2 , 


Soln. 


RHS= 1 + 


6 r i -2 


2-5 ro 


6 , 
J 


2-5-8 


1-2-3 


6 + ' 


p = 2, q = 5 - 2 = 3 and — = 7 => x = ^ 
q 0 2 

1'* 


RHS = (1 — x) - ^ q = 


’ 


=> 


2 , 
J 


l ~2 


= 2 2/3 = ^2 r = f?=LHS. 


7. Solve ^ 6(5x + 6) - *5(6x- 11) = 1 

Soln. 

6(5x + 6) - 4 5(6x -11) = 1 
Cubing, 
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6( 5x + 6) - 5(6x -11)- 

3 ^ 6(5x + 6) 5(6x - 1 l)x 

( 6(5x + 6)- ^ 5(6x - 1 1) ) 
30x + 36 - 30x + 55-3 1 6(5x + 6) 5(6 x - 1 l)x 1 =1 
91-3. ^ 30 (30x 2 + 36x - 55x - 66) = 1 
90 = 3 ^ 30 (30x 2 - i 19x-66) 

Cubing, 30 = 30(30x 2 - 19x - 66) 

900= 30 x 2 - 19x -66 
i.e. 30x 2 - 19x- 966 = 0 
30x 2 + 1 6 1 x - 180x- 966 = 0 
x(30x + 161) - 6(30x + 161) = 0 
(30x + 1 61 )(x - 6) = 0 

s 161 

x = 6 or x = - . 

8. The arithmetic mean between m and n and the 
geometric mean between a and b are each equal to 

ma + nb , find m and n in terms of a and b. 
m + n 

Soln. 

m + n rr" ma + nb 
Given, — — = V ab = 

2 m + n 

m+ n = 2 Vab (i) by equating first two 

By equating last two 

m + n 

ma + nb = (m + n) . VIST 

= 2 V~ab . VUlT = 2ab by (i) 

m + n = 2 V ab (i) 

ma + nb = 2ab (ii) 

(i) x a gives 

ma + na = 2a V ab 

ma + nb = 2ab 

n(a - b) = 2aVtT ( 'fa - 'lb ) 

_ 2aVbT ( VaT - Vb~ ) 2aVb~ 

° - (Va + Vb) (Va - Vb y V*T+ VtT 

(ii) - (i) x b 

ma + nb = 2ab 

mb + nb = 2bVatT 

Subtracting, 

m(a - b) = 2bVa^ ('fa - Vb) 

2VaJb ('la - Vb ) 

ni ~ ( Va^+ Vb )(Va - Vb ) 

_ 2Vab 
Va~ + 'lb ' 

9. If x, y, z are such that their sum is constant and 


if (z + x - 2y)(x + y - 2z) varies as yz prove that 
2(y + z) - x varies as yz 

Soln. 

Let x + y + z = c (a constant) 

Given, (z + x - 2y)(x + y - 2z) = myz 
(c - y - 2y)(c - z - 2z) = myz 
(c - 3y) (c - 3z) = myz 
c 2 - 3c(y + z) + 9yz = myz 
(9 - m)yz = c [ 3(y + z) - c] 

= c [3(y + z) - (x + y + z)] 

= c[2y + 2z - x] 

2y + 2z-x 9-m , , ^ 

yz c 

/. (2y + 2z - x) oc (y Z ). 

10. Prove that if n is greater than 3 

1-2 nC r - 2*3. nC r _, + 34 nC r _ 2 - 

+ (- 1 ) r (r + l)(r + 2) = 2- (n-3)C r 

Soln. 

Consider, 

(1 + x) n = 1 + nCjX + nC 2 X" + nC 2 x^ + + 

nC r x r + 

-3 . o 3-4 2 4-5 3 

(i + x) 3 = i - 3x+ y^ * (i) (ii) * * * * * * * x ~7^r x + 

(+)(-! ) n ( r+1 1 )( 2 r + 2) - + 

Multiplying the two series, 

(l + x) n ' 3 = 

(1 + nC|X + nC->x 2 + nC-jx 3 + nC r x r + ) 

Equating coefficients of x r 
LHS = (n - 3)C r 

RHS=l nC r - 3 nC r .| + nC r . 2 - +(-l) r ^ !l -^ 2 “ 

12 nC r — 2 3 nC r _ 1 + 3 4 nC r _ 2 ~ — .(-l) r (r+ l)(r+ 2) 
1-2 

2(n - 3)C r = 1 -2 nC r - 2-3 nC r ., + 3-4 nC r . 2 - 

+ (-l) r (r + l)(r + 2) . 
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* - . , „ „ Further we have, 

1. Three vectors of magnitudes a , 2a, 3a meet in a 

point and their direction are along the diagonals of 
three adjacent faces of a cube. Determine their resul- 
tant R and its direction cosines. Prove also that sum 
of three vectors determined by the diagonals of three 
adjacent faces of a cube passing through the same 
comer, the vectors being directed from the comer, is 
twice the vector determined by the diagonal of the 

cube. 2. Let r| , r* , rj , r^ be the position vec 

Soln. 


-4 ^ —4 

OG= OA + AD + DG =i + j + k 

— * tri zrk t* t> -t* 

And, OD + OE + OF = i +j+j + k+ k+ i 


= 2(T+ T +lc)<>= 2 6^. 



Let OABCDEFG 
be a cube whose 
side is of unit 
length. 

_ *4 4 T* r* 

Let i , j , k be unit k 
vectors along OA, 

OB and OC 
respectively. 

y - ) ) ) y 

Then, OD = OA+ AD = OA+ OB= i +j 

Similarly, OE = j*+lc and OF = k* +T 

/. I OD I = I OE I = I 5f I = ( 1 2 + 1 2 ) ^ = V2 
Therefore, the unit vectors along OD, OE and OF are 
respectively 

4 4 4 4 4 4 

»+J j + k k + t 

IT * V2 ’ V2 

Hence, 

F? = a(T +T)/ V2+2a(f +t)hl2 + 3a( Tc +?)/V2 

= (4aA/2)T + (3a/V2)f+ (5a/V2)lc (1 ) 

/.R = l^l = ^<4 2 + 3 2 + 5 2 )^=^.5 VI 

= 5a (2) 

The direction cosines of R are 4/5 VI, 3/5 VI, 5/5VI 

.......... (3j , 


tors of points Pj, P 2 , P 3 , P n relative to an origin 

O. Show that if the vector equation 

ajr| +a 2 r 2 + + a„r n = 0 , then a similar equa- 

tion will also hold good with respect to any other 

d origin if aj + a 2 + a 3 + + a„ = 0 

Soln. 

Let O' be any other 
origin. 

— ^ 

Let O'O = r„ , O'?, 





— > 


0 * 2=6 0'P n = r' n 

y y y ^ 

Then?", = OTj = O'O + O'Pj = +r G + r, 
Similarly, 

4 44 

r 2 = r o + r 2 


= r„+ r n 


air'i +a2r'2 + + a n r'!i 


= aj (r 0 + rj) + a 2 (r 0 + r 2 ) + + a n (r 0 + r n ) 

4 — >4 4 

= (a| + a 2 + + a n )r 0 + ajr, + a 2 r 2 + + a„r n 


. MATHEMATICS today oanhw iw. 


23 



= ( a l + a 2 + + a n) r o I 

a l r l + a 2 r 2 + + a n r n = 0 (given) 

= 0; provided a| + + + a„ = 0 . 

3. The position vectors ?,?,?,? of four 
points A, B, C and D respectively on a plane area 
such that 

(a -(? ). (b -c ) = (b - cf ). (c -a ) = 0 
Show that D is orthocentre of the AABC. 

Soln. 

We have, A 

? -? = p.v. of A 


- p.v. of D = DA 
etc. 



(a - <?). (?-c) = (?-?). (c-a) = 0 

— ► — > — > — > 

=> DA.CB = 0 and DB.AC = 0 

=> AD BC and BD J_ CA. 

Hence, D is the orthocentre of the AABC. 

4. If a*x \)= cx * 0, then show that at- ^ = kt), 
where k is a scalar 

Soln. 

T* — > ~r> 

axb=cxb * 0 

=> a* xtcx^ = 0 =>. (a -?)x? = 0 

=> a - c and b are parallel 
=> a -c = k b, where k is a scalar. 

5. IflT, t?,^are coplanar vectors, prove that 

-4 -r» -» 

a b c 

-» -> -474 -4-4 

a • a a b a c =0 

7*7* 

b a b b be 

Soln. 


xa + yb + zc = 0 (1) 

Taking dot product of (1) with? and?, we get, 
xaa+y ab +zac=0 (2) 


xba + ybb + zbc = 0, (3) 

Eliminating x, y, z from (1), (2) and (3), we get, 

-> T> -» 

a b c 

-4 -4 -4t> -4-> 

a- a a*b a-c 

!?“* 7 * 7 ? 7*~* 

ba b*b be 

6. Find the vector E? satisfying the equations 
?x ? = C? and = 3 where ? =? + j* + 1c and 

Soln. 

Let?=(bj ,b 2 ,b 3 ), Then ?x ? = (? 

“4 -r> 

J k 


i 


1 1 l 

bi bj b 3 


= j-k 


=> (b3- b 2 )i + (b,- b 3 )j+(b2- b,)¥ = J-? 

Since ?, j*, 1c are non-coplanar vectors, hence we 
have, b 3 - b 2 = 0 

=> t >2 = (1) and 

b[ - b 3 = 1 => b[ = 1 + b 3 (2) 

.•.? = (l+b 3 ,b 3 ,b 3 ) (3) 

Now, A •? = 3 => 1+ 1^ + b 3 + b 3 = 3 
=> b 3 = 2/3 and 1 + b 3 = 5/3 

Hence, ?= (5/3, 2/3, 2/3 ). 

7. Let A = 2i + k , B= l + j + k and 

<?= 4?- 3?+ 7?. Find vector it which satisfies 


Since *, b, c are non-coplanar vectors, hence we (?x It and?.? - 0 

have 
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Soln. 

Let 1? = x? + y? + z? Then |?.j? = 0 

=> (xT+yj* + zlc).(2?+]c) = 0 
=> 2x + z = 0 => z = -2x (1) 


And Sxf«&3 

=> (x l + y j + z k) x (l +j + k) = 

, 7T* _T-> X TT* *7* *r> 

(4i - 3j + 7k)x(i +j + k) 


x 

1 


J 

y 

l 


i 

4 

1 


lc 

7 

1 


0 

z 


X 

0 

z 


= 0, Cj - C 2 


X 

z 


=> z 2 = xy => z is the GM between x and y. 

9 . In a triangle OAB, E is the mid-point of OB and 
D is a point on AB such that AD:DB ■ 2:1. If OD 


and AE intersect at P, determine the ratio OP:PD, 
using vector method. B(b) 

Soln. 

Let OA = ?, OB =V 
so that OE=l?/2 
andOD = (a + 2t>)/3 


The equation of OP is r = u( a + 2 b)/3 
The equation of AP is 


r = OA + v(b/2-a) = (l - v)a+^b 




=> (y - z) i + (z - x) j + (x - y) k 

= (-3 - 7)T+(7 - 4)?+ (4 + 3)lc= -10?+ 3? + 7? 

Since i , j , ? are non-coplanar vectors, hence we 
have 

y - z = -10, z - x = 3 and x - y = 7 (2) 

Solving (1) and (2), we get x = -1, y = -8 and z = 2. 

Hence, it = -? - 8? + 2lc. 

8. Let x, y, z be distinct non-negative numbers. If 

the vectors xi + xj + zk,i + k and z l + z j + z k 
lie in a plane, then prove that z is the GM between x 
and y. 

Soln. 


Since xi + yj + zk,i + kandzi + zj+yklieina 
plane, i.e. are coplanar, hence we have 
x x z 

0 


Hence, for P, we have 
u(a+2?)3 = (l -vja+|lj 


•(3) 


Since, a and b are non-collinear vectors, hence we 
have, u/3 = 1 - v and 2u/3 = v/2 
Solving, we get u = 3/5 and v = 4/5 

. ^ = 2 ~a + 2l? _ 'a + 21? 

5 3 5 

. OP _ I OP I _ I (a + 21? )/5 I _ 3 
OD |od| I (?+2ij )/3 1 5 


=> 


OP 


■=> 


OP 


3 

2 


OD-OP 5-3 ' OD 
10. Determine the value of c so that for all real x, the 

vectors cx? - 6?+ 3 lc and x?+ 2? + 2cx lc make 
an obtuse angle with each other. 

Soln. 

Since the angle between the vectors cx?- 6?+ 3 lc 

and x?+ 2?+ 2cx ? is obtuse (>90° ), hence we 
have 

(cxi-6i + 3k).(xi + 2j + 2cxk) „ „ 

iV + k 3 'TxC^ + 2W =C “ e< ° 

=> cx 2 - 12 + 6cx<0 

=> c x 2 + 6cx - 12 < 0 (1) 

Now, D ■ 36c 2 + 4.C.12 ■ 36c(c + 4/3) 
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— T “7 "7 TT 

r =-i+j-k 
Hence, we have 


if -4/3 < c < 0, then D < 0 and (1) is satisfied be- But the bisector is (given) 
cause c is negative. 

Therefore, the required value of ce (-4/3, 0]. 

11. In parallelograme ABCD the interior bisectors of 
the consecutive angles B and C intersect at P. Use 
vector method to find /BPC. 

Soln. 

Let ABCD be a parallelogram. 


•( 4 ) 


-i+j 


t( 5x + 3)i + 1( 5y + 4 )j + 5zt k 
* k " 5 


•( 5 ) 



And the equation of the bisector CP is given by 

c£ = v["a/CD -"c/CB ] = v["a/BA -"c/BC ] (2) 

B^.CP = uv [li/BA +^/BC]. [lT/BA - c /BC] 


= uv [ lVl 2 /BA 2 - It) I 2 /BC 2 ] 


= uv [BA 2 /BA 2 - BC 2 /BC 2 ] = uv (1 - 1)= 0 
=> / BPC = 90°. 


12 . The vector - i + j - k bisects the angle between 


c. 

Soln. 


_ a —y ~T r 

Let c = x i + y j + z k 

,d) 


Where, x 2 + y 2 + 2 ^ = 1 


..( 2 ) 


The equation of the in- 
ternal bisector of 



3i + 4j 


3 i +4j andc is 


r =t 


t* 3i + 4j 
xi + yj + zk + — j— 1 


(5xt + 3t )i + (5yt + 4t )j + 5zt k 

5 


.(3) 


Since, i , j , k are non-coplanar vectors, hence we 

have t(5x + 3) = -5 (6) 

t(5y + 4) = 5 (7) 

5zt = -5 (8) 

(6)=> 5x + 3 = -5/t 
=> 5x = - 5A - 3 = -<5 + 3t)A 
=> x = - (5 + 3t)/5t 
Similarly, (7) => y = (5 - 4t)/5t 
and (8) => z = -l/t 

get. 


Putting these values of x, y, z in (2), we { 

(5 + 3t) 2 /25t 2 + (5 - 4t) 2 /251 2 + 1/t 2 = 1 
=> 25 + 30t + 9t 2 + 25 - 40t + 16t 2 + 25 = 25t 2 
=> 25t 2 - lOt + 75 = 25t 2 => lOt = 75 => t = 15/2 


.*. x 


_ ( 5 + 3.15/2) _ ( 10 + 45) _ 55 = U. 


5.15/2 5.15 

y = -10/15 and z= -2/15 => 


5.15 15 


= •^[-11?- = lit. Itf**] 


13. Find the distance of the point B(i + 2j + 3k) 
from the line which is passing through A(4i + 6j + 


the vector c and 3i + 4j . Determine the unit vector 

A 


2k ) and which is parallel to the vector 2i +3j +6k. 
Soln. 


AB = p.v. of B - 
p.v. of A 


A (4*V 2j* f 3t) 


—p -Tv* -T* 

= 1+ 2j + 3k- 
4?-2?-2ic = 


T 7 

-3i +k 



+ 3j + 6k) 


B (' + 2j + 3k) 


Let BL be I on the line through A parallel to the 


vector 2 i + 3 j + 6 k 
Let BAL = 9 then, 
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( 1 ) 


. (27+3~i + 67).(-3?+7) -6 + 6 
cos6 ~ V4 + 9 + 36 V(9 + l) 7VlO 


= 0 


=> L coincides with A 
■A I distance of AL from B 


AB = I Afe I = l-3"f+7l = VuT. 


14. Prove that {[(X + B) x (3 + (?)] x (3 + C)}. (B 

+ 3) = 0 where 1 3 1 = 1 7 1 = 1. 

Solo. 

We have, [ (A + 3)x (A+ C) ] x (3x 3) 

=> [(3+3).(3x(?)] (3+(?M(3+£).(3xC*)](3+3) 

- [3.(3x (?) + 3.(3x 6)] (A+ (?) 

- (A (3x <?) + c?.(3x (?)] (A+ 3) 

- {[ 33c? ] + |33(?] }(3 + <?) 

-u33£] + [c?33])(3+3) 

= (33c?] (A + <?) - {333] (A + 3) 

= [33c?](3+<?-3-3) = [33c?u(?-3) 

((X +3) x (3 +(?)] x(3x<?).(3+<?) 

= [33c?]((?-3).(3+<?) 

= i33c?j ( t?.3 + c?.7 - 3.3 - 3.3 ) 

= [33c?][i<?i 2 -i3i 2 ] = {33c?](i-i)=o. 


15. If the vectors 3, 7, 3 are not =1 coplanar, then 
prove that 

(ax3)x (7x3) + (7x7)x (3x7) + (3x3) x (3x7) 

is parallel to 7. 

Soln. 

1st term. = (7x3) x (7x3) 

= (7x7) x 1, where T =7x3 

-4 “♦ v t> 

= (a .1 )b - (b.l )a 


= [773]7-[3c3]7 
= -[7a3]3-f3c3]3 
2nd term = (3x7) x (3x7) 

= inx (3x3), where in =7 x7 
= (in 3)3 - (in.3)7 
= {(3x7)3} 3- {(3x7)3 }7 
= [7c3]3-[7c3]3 

=-[73c]3 + {7a3]3 (2) 

3rd term = (7x3) x (3x7) 

= (7x3)x7, where 7 =7x7 

= (7.73 - (3.7)7 
= {3 .(7x7)} 3- {3.(3x7)}3 
= [73c]3-[3?7]7 
= [73c]3-{3?3]3 (3) 

Adding (1), (2) and (3), we get, 

lhs = -[73?]7- [3c 3]7 -[737]3 + [773]7 
+ [ a > b > c]3 - [373]7 
= -2 [373]7 (4) 

Since 7, 7, 3 are non-coplanar vectors, hence 
[ 333] * 0. Therefore (4) shows that the LHS is a 
vector parallel to 7. 


16. If A = (1, a, a 2 ), 3 = (1, b, b 2 ), 3 = (1, c, c 2 ) are 
non-equal coplanar 

i « i , 


and 


1+ a 


a 

b b 
c c 

then show that abc = -1 
Soln. 


1+b 

l + c 3 


= 0 


Since the vectors A = (1, a, a 2 ), 3 = (1, b, b 2 ) and 


= {7.(7x3)}3 - {7.(7x3)}7 
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(? = (1, c, c 2 ) are non-coplanar vectors, hence 


=> 


1 a 

1 b 

1 c 


a 

u2 


Now, 


a 

b 

c 


* 0 


1 +a 
l + b 3 
l + c 3 


,( 1 ) 


= 0 


=> 


=> 


= 0 


a 

b 

c 


=> 1 + abc = 0 


=> abc = -1. 


+ abc 


b 

c 


= 0 


b 

c 


* 0 


=> 


1 

1 

a- 1 
0 
1 


b 

1 

0 

b- 1 
1 


= 0 


1 -c 
1 -c 
c 


= 0 


=> (a- 1) [(b - l)c - (1 -c)] + (l -c)[0-(b- 1) ] = 0 
=> (a - l)(b - l)c + (a - l)(c- l) + (c- l)(b- 1) = 0 
Dividing by (a - l)(b - l)(c - 1), we get 

— - — + — ^ — = 0 
(c-I) (b-1) (a-1) 

=> K c ~ D±i- + — 1 — +. — ! — = 0 

(c - 1 ) (b- 1) (a-1) 

1 1.1 


=> 1 + 


(c-1) (b-1) (a-1) 


= 0 


=> 


1 


1 


1 


1 - a 1 -b 1 -c 


= 1. 


18. Let a =2i -j + k,b = i + 2j-k and 

c = i + j - 2k be three vectors. A vector in the plane 

of 1) a nd ~c whose projections on af is of magnitude 
■fiTh is 

Soln. 

Let df be a vector in the plane ofbf and~c so that we 
have, c? =1? + x~c 

= (i + 2}-t) + x(t+J-2t) 

= (1 + x)t+ (2 + x)7- (1 + 2x)t 
Vj" = projection of c? 


= ±^.^T 

lal 


on a 


2i-T+k 


17. If the vectors ai + j +k,i + bj + k and i + j + 

clc (a * 1, b * 1, c * 1) are coplanar, then find the 
value of 1/(1 -a) + 1/(1 -b) + 1/(1 -c). 

Soln. 

Since the vectors ai + j + k , i +bj + k,i + j +ck 
are coplanar, hence 

a 1 1 


=> ± [ (1 + x)?+ (2 + x)T- (1 + 2x)lc], 

. 2(1 + x)-(2 + x)-(l + 2x) — 1 — x 

V6 ± ~W~ 

=> 1 + x = ± 2 

=> x = ± 2- 1 = 1 or -3 

when x = l,df = 2i + 3 j* - 3lc 

and when x = -3, df = -2i -~f + 5lc. 


19. Let a= 4 i + 3 j , and b be two vectors perpen- 
dicular to each other in x-y plane. All the vectors in 
the same plane having projections 1 and 2 along 


b and c respectively are given by 
Soln. 


Since b isj_toa=4i + 3j, hence we can take 
b = u (3i - 4j ) 

Let xT + y j* be the required vector, we have 
1 = fLa = (xt+ yj\ 1 * ^ => 4x + 3y = 5 (1) 
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••( 2 ) 


=#a . -t». u(3i-4j) 

And, 2 = R.b = (xi +yj ). ' ±5 „ 

_ 3x-4y 

_± 5 * 

± sign are taken as u may have positive or nega- 
tive value. 

=> 3x - 4y = ± 10 
Solving (1) and (2), we get 
2 11 

x = -- and y = — or x = 2, y = -1 

* -2?+ 1 if ** -t* 

20. A non-zero vector 7 is parallel to the line of 
intersection of the plane determined by the vectors 

7,7+7 and the plane determined by the vectors 

_7,-+ +7. The angle between 7 and the vector 
*1 -» 

(i - 2j ♦ 2k) 


7-2 T + 2k is 

Soln. 

A vector to 
the plane 
determined by 
the vectors 

i and t +j is 



= 3 = ^ = COS 

«> 0*45° 


45° 


21 A, B, C and D are four points such that 

AB = m(2? - 6jf + 27), b£ =7- 2? and CD = 

n(-67+l 5 j*-3lc). Find the conditions on the scalars 
m and n so that CD intersect AB at point E. Also find 
the area of the ACBE. 


-4 -4 —4 -T* “7* T* T* 

IX (|+J) = 1X 1 + ix J = k; 
and a vector J to the plane determined by the vectors 

i - j and i + k is 

(7- j ) x(i + k)*ixi + ix k-jxi-jx k 
= -j + k- 1 =-1 -j +k 
7 is parallel to the vector 7 x (- 1 -7 +7) 

-4-4-4-4-4 7* 

s-kx i -kx j + kx k =-j +i =i-j 
If 0 be the required angle, then 

cose= . (7-7 ? .(7-2f + 27j 
V( I 2 + l 2 ) V( l 2 + 2 2 + 2 2 ) 



=> p AB + BC+ q CD = 0 

=> pm(27 - 67+ 27) + (7- 27) 

+ qn(-67+ 157*37) »0 
=> (2pm+l-6qn)7-(6pm+2- 15qn)7 

+(2pm-3qn)7= 0 

Since, 7, 7. 7 are non-coplanar vectors, hence we 
have 

2pm+l-6qn = 0 (1) 

6pm + 2 - 15qn = 0 (2) 

and 2pm - 3qn = 0 (3) 

Solving for pm and qn, we get 

11 11 
pm-j. 1 i>-}-> p= 2 ^’ 3^ 

... 0<p£ 1 -> 0<^-Sl o.ij 


‘2m 

and 0 < q £ 1 => 0 < £ 1 =>n£ — 


Further, area of BCE = ^ I EB x I 

= ^lpAlx-qC&l = ^pqlABxC&l 


SO 
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= ^pqmn 


i 

-6 

2 


J 

15 

-6 


k 

-3 

2 


= — pmqn I [(30 - 18)i + (-6 + 12)j + (36 - 30)k ] I 

.11 i|12T + 6T + «*l 


. ±,477777. f. 

22. The position vectors of two points A and C are 
97-7 + 7 1c and 7?- 2 j*+ 7 7 respectively. The 

point of intersection of vectors AB=4?-f+3lc and 

CD 2a -T+ 2lc is P. If vector PQ is perpendicular to 
AB and CD and PQ = 15 units, find the position vec- 



= 9? -T+ 7 Tc +u (4?-T+ 3 lc ) 

= (9 + 4u)?-(l +u)f+(7 + 3u)lc (1) 

The equation of CP is 

~t - p. v. of C + 3 

a 77- 2 j* + 7lc + vCD 

= 7 T- 2 j%- 71c + v (2?- 7 + 2lc) 

rx (7 + 2 v)T - (2 + vjif + (7 + 2v)lc (2) 

For the point P, we have 

(9 + 4u)T - (l + u)f + (7 + 3u)lc= 


(4) 


(7 + 2v j? - (2 + v)7 + (7 + 2v)k 

Since7,7.7 are non-coplanar, hence we have 
9 + 4u = 7 + 2v 
=> 4u - 2v + 2 = 0 

=> 2u - v + 1 = 0; (3) 

1 + u = 2 + v => u - v - 1 = 0; 
and 7 + 3u = 7 + 2v => 3u = 2v 
Solving (3) and (4), we get 
u = -2, v = -3 

These values also satisfy (5) 

Hence, the position vector of P is 

r =1 +j +k (6) 

Also, a vector J_ to AB and CD is 


•(5) 


ABx CD = 


J 


7 

4-13 
2-12 
= (-2 + 3)?-(6-8)j + (-4 + 2)¥ 

=t + 2t-2lc 

PQ „ i 5 .- P |f%4r* - 5(7 + 27 - 2?) 


’W( l 2 + 2 2 + 2 2 ) 




Hence, p.v. of Q = p.v. of P + PQ 

=T +7 + 5(7 + 27 - 2lc) 

= 6T+ll7-9lc 

23. The position vectors of the vertices A, B and C 

of a tetrahedron ABCD are 7 + 7 + 7 , 7 and 3? 
respectively. The altitude from the vertex D to the 
opposite face ABC meets the median line through A 
of the angle BAC at a point E. If the length of the 
side AD is 4 and the volume of the tetrahedron is 
2V2/3, find the position vector of the point E for all 
its possible positions. 

Soln. 

The position vector of F, the middle 

*T> 

. 1 + 3i 

point of BC is — - — = 2i 
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tion vector of F, the middle 


*7 -T* 

point of BC is - = 2i 


> 

/. AF = p. v . ofF 


i+j + k 



- p. V. of A = 2? - (XVf + X) 

•? ^ 

= i -j -k 

Volume of the tetrahedron ABCD = ~- 

=> |.AABC.ED= — 

3 3 

=> 1 1 BCx BA I.ED = 2^2 

=> 1 2ix X+X) I ED = 4V2" 

=> 2 iX xX +?xXl ED = 4V2" 

=> I X -X I ED = 2V2" => VT. ED = 2^2 
=> ED = 2 

AE 2 = AD 2 - ED 2 =16-4 = 12 => AE = 2Vf 


p.v. of E = p.v. of A + AE 

*7^ *7> — > — ■> — > 1 

= 1 +j + k± 2 ( i - j - k) 

= 3X-X-lcor-X+3X + 3X. 


= 0 - 0=0 

=> AB _[ BC i.e. B = 90° 

Now, AB 2 = 3 (a xX) 2 = 3( 1 2 . b 2 sin 2 0) 


= 3b 2 sin 2 0 


••(I) 


••( 2 ) 


and BC 2 = [ b - (a. X)a ] 2 

2 (S.X) 2 

= b z -b 2 cos 2 0 = b 2 (l - cos 5 0) 

= b 2 sin 2 0 

From (1) and (2), we have 
AB = 3 BC 2 => AB = VTBC 
BC 1 

_> AB = XX => tan A = tan 30° 

=>A = 30°=> C = 60° 

25. Let x, y and z be unit vectors such that x + y + z 

= a,ix(PxS)=t(ixP)x^X,X.^3/2, 

X.y = 7/4 and I a I = 2. Find x, y and z in terms of a, 

? and?. 

Soln. 

We have 


x + y + z = a 

(1) 

^ 7 A A —4 

xx(yx z) = b 

(2) 

(xxy)x z = c 

(3) 

= | and lXl = 2 

(4) 


— * a 3 
ax = 2’ 

Taking dot product of both sides of (1) with X, we 
get 


24 . Let a be a unit vector and b be a non-equal zero 
vector not parallel to a. Find the angles of the tri- X.x +X.y +X.z = a .a = iX l 2 = 4 
angle, two sides of which are represented by the vec- o 7 

c _ s 6 3 

tors 3(axX) andX - (a.X) a. 

Soln. 


• . • , —r n — » A 

2 + 4 + a - z = 4=> a.z = 


■•(5) 


Let AB = 3( a xX ) and BC =X - ( a X)a 
Then, AB . BC = Vf (a xX). {X - (a. X)a } 

=^{(axX).X}-^-(XX){ ( SxX)X} 

= V3'[XXX]-V3'(XX)[SXS] 


4 Taking dot product of (1) with x, y and z successive- 


/ b-(a-bU 1 

\ ly, we get, 


‘ ; % — > 1 ’ A A A A A A — > A 

A yj 3(axb) B X. X + X. y + X. Z = a. X 


t A A A A 3 

=> 1 + x.y + x.z = ^ 

2 

A A A A A A — »A 

x.y + y.y + y.z = a.y 


••( 6 ) 
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A A . A A 7 
=> x.y + 1 + y.z = - 

, A A A A A A -»A 

andz.x + y.z + z.z= a.z 

A A A A , 3 

=> z.x + y.z + 1 = - 
4 


•( 8 ) 


Adding (6), (7) and (8), we get 

„ ^,aa aa a a. 3 7 

3 + 2( x.y + y.z + z.x) = j + - z 

A A AA AA (4 — 3) 1 

=> x.y + y.z + z.x = J — ~ — — — 


Now, 

(9) - (8) => x.y - 1 = 


2 

i 2 

2*4 


•(9) 


1 

4 


,( 10 ) 


A A 1 3 

=> »y=i-4-4 

<9) - (6) => y.S-l-i-| = -l 

=> y.z = 0 (11) 

and (9) - (7) => z.x- 1 = 


A A 5 
=> z.x = 1 - — = - — 


,A A , A , A / \ A T* 
(2) => (x.z )y - ( x.y)z = b 

mn 


( 12 ) 


=> 


(13) 


and (3) => {x.z ) y - {y.z ) x = ~c 


=> 


A — > 

y = c 


=> y = -4 C 


•(14) 


(13) gives 



T (c-b) 


A “> A A A 

(1) => x = a - y - z = a + 4c - 


A — > 4 8 — > 

Hence, x = a+ -b + -c 

A , — * , A 4 

y = - 4 c and z = - (c-b). 


-(15) 




3 

8 


(c-b) 


.(16) 


A GOLD MINE FOR 
BRILLIANT STUDENTS 

The magazines are available for the 
following years and months , as given 

below: 

^"MATHEMATICS today $ 

1994 - Feb.to MayandAug. to December. 

1995 - April, May, Sept., Oct., Dec. 

1996 - January to August. 

^ CHEMISTRY today | 

1994 - May, June, August to December. 

1995 - April, May, June & Sept, to Dec. 

1996 - January to August. 

^ PHY8IC8 Foryoa P 

1994 - September to December. 

1995 - May, June, Sept, to December. 

1996 - January to August. 

Theae iaauea are youra at Da. 7.00 per copy. 
Poatage free. 

The money should be sent In advance 
by D.D. or -M.O.drawn in favour of 
'Mathematics Today" or order by V.P.P. with 
your name and address, further mention the 
month of publication of the Issue required. 
Mall your order to 

The Circulation Manager, 

MATHEMATICS today GROUP 

H-2A, Green Park Extn., • 

New Delhi - 16 
Ph : 6515864, 664119 

NOTE : Always refer to the latest magazine 
for the Information regarding the availability 
of old issues as the stock Is limited. 

Please allow 3-4 weeks time for delivery 
of the magazines. 


RUSH mt>R£ TH£ STOCKS LAST 


MATHEMATICS today Octolxf 19% __ 


33 


HISTORY OF MATHEMATICS 

EUCLID 


*TEJuclid was bom in the late fourth century b.c., 
Atby that time Greek geometry had come a long 
way from the state in which Pythagoras had left it. 
It had become more scientific and less mystical. 
Scores of new theorems had been added; curves, 
circles, and solids were studied as well as straight lines 
and plane figures. 

The best-known school for mathematics and the 
closely related subject of philosophy was Plato’s 
Academy. Famous and respected, the Academy was 
the Oxford, Cambridge, Yale, and Harvard univer- 
sities of its time all rolled into one. Here the golden 
flowering of Greece occured, and here the greatest 
minds of antiquity assembled to lecture and listen. 
Established in 380 b.c., it survived repeated 
invasions, outlived tyrant after tyrant, and saw two 
great civilizations fall-the Greek and the Roman- 
before its doors were finally closed in the sixth 
century a.d. by the Emperor Justinian. Euclid is 
believed to have studied at the Academy, learning all 
that Greece had to teach about mathematics. 

With Euclid, Greek or Hellenic geometry rose to 
its highest. He represents the culmination of three 
centuries of mathematical thought, and his crowning 
achievement is the Elements , thirteen books in which 
he presents the basic principles of geometry and the 
statements and proofs of the theorems, systematized 
into a consistent whole. Euclid himself did not 
discover or invent-depending on one’s viewpoint-all 
the theorems presented in his Elements. He compiled 
the work of former mathamaticians-Pythagoras, 
Eudoxus, Menaechmus, Hippocrates, etc., improving 
on the old proofs, giving new and simpler ones where 
needed and selecting his axioms with care. Different 
schools of Greek mathematicians often used different 


axioms-some that were not really "self-evident." But 
Euclid selected only the most basic and obvious ones. 
He was careful to take nothing for granted. 
Everything was rigorously proved; and the result was 
a system of cold, logical, objective beauty. 

Almost immediately the Elements became-and 
remains-the standard text in geometry. When the 
printing press was invented, Euclid’s Elements was 
among the first books to be printed. It is the all-time 
best seller as far as textbooks go, and wherever 
geometry is taught, there is Euclid. 

Besides writing his definitive book on geometry, 
Euclid, like all Greek geometers, tried to solve the 
three classical problems of trisecting an angle, 
doubling a cube and squaring a circle. For centuries 
the Greeks tried to solve these problems, using an 
unmarked ruler and a string compass. 

The first problem seems simple enough and 
resolves itself into the cubic equation 4x 3 - 3x - a 
- 0, where a is a given number. It can be done with 
certain marked instruments-but not with the un- 
marked ones the Greeks used. Although the Greeks 
did not know it, a ruler and compass can only be 
used to solve problems that resolve themselves into 
linear and quadratic equations, but not cubic ones. 
(A linear equation is one in which no term is raised 
to a power higher than 1; a quadratic equation 
contains terms raised to the second power, such as 
x 2 , but no higher; and a cubic has terms raised to 
the third to the power, such as x 3 .) 

The second problem-doubling a cube-also re- 
solves itself into a cubic equation, 2x 3 =* y 3 , or even 
more simply, x 3 * 2. This problem, also insoluble with 
unmarked tools, has a pitfall into which many an 
amateur falls and which has been celebrated in 
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legend. The Athenians, according to the story, once 
consulted the Delian oracle before understanding a 
military campaign and were told that to insure victory 
they should double the size of the alter of Apollo, 
which was a cube. They duly built an altar twice as 
long, twice as wide, and twice as high as the original. 
Believing long that they had fulfilled the oracle’s 
request, they went confidently to war-and lost. 
Actually they had made the alter eight times as large, 
not two. 

The third problem, squaring the circle, is not 
possible at all with any kind of instrument, nor can 
it be stated algebraically. The problem involves 
finding an exact value for it (pi), the ratio between 
a circle and its diameter. But it is an irrational, 
transcendental number for which there is no exact 
value, and anyone who tries to find an exact value 
is simply wasting his time, for it has been proved that 
it cannot be done. 

Although the Greeks failed in their attempts to 
solve these three problems, they were led to explore 
different areas of geometry, mainly conic sections, 
in their search for solutions. 

Euclid also attacked the old problem of irrationals 
that had given Pythagoras so much trouble and even 
succeded in proving their existence. Taking a right 
triangle whose arms are each 1, he showed that there 
is no rational solution for the length of the 
hypotenuse, which is x 2 *■ 2. Euclid first assumed that 
a solution could be found. The solution would have 
to be a number in its lowest terms, p/q, such that 
p 2 /q 2 « 2. Either p or q or both must be odd, for 
if they are both even, the fraction can be divided by 
2 and is not in its lowest terms. Euclid then showed 
that p cannot be odd by substituting p/q for x in 
the original equation, x 2 = 2. which gives p 2 /q 2 = 
2. Transposing, we get p 2 = 2q 2 . Since p 2 equals 
twice another number, p 2 must be even; and since 
the square root of an even number is also an even 
number, p must be even. 

Therefore, if a solution is possible, q must be odd. 


We already know that p is even and therefore is 
equivalent to twice another number, or 2r. Substi- 
tuting 2r for p in the previous equation p 2 * 2q 2 , 
we get 4i^ = 2q 2 , or 2V 2 - q 2 . Therefore q, for the 
same reasons as stated for p, is even, yet the fraction 
p/q was assumed to be in its lowest terms. But if 
both p and q are even, the fraction cannot be in its 
lowest terms. Thus, nothing but absurd contradictions 
result from the assumption that the problem can be 
solved rationally, i.e., with the numbers the Greeks 
used. No ratio exists between the numbers p and q 
such that p 2 /q 2 = 2. For this reason the square root 
of 2 is called irrational. Irrational simply means that 
the number has no ratio, not that it is insane. 

In number theory, Euclid, like most mathemati- 
cians of his day, studied primes, searching for a test 
to determine whether any given number is a prime 
or not. Needless to say, he never found it, but he 
did settle one question about primes: whether or not 
they are infinite in number. 

Any half-observant schoolchild can see that 
primes, like the atmosphere, tend to thin out the 
higher we go. From 2 to 50 there are fifteen prime 
numbers; from 50 to 100, only ten. It seems entirely 
possible that primes might thin out and eventually 
disappear completely. Euclid devised an ingenious 
proof to show that this is not so; the number of 
primes is infinite. 

If the largest prime is n, he reasoned, then there 
must be another number large than n which can be 
generated by multiplying 1 times 2 times .3 and so 
on up to n and then adding 1 to the result. In 
mathematical symbols this number would be written 
n! + 1. Now if n is the largest prime, this new number 
is not a prime. If it is not a prime, it must have a 
divisor smaller than itself. But if it is divided by any 
number up to and including n, there will always be 
a remainder of 1, since the number was formed by 
multiplying all the numbers from 1 to n together and 
then adding 1. Therefore, its divisor-if it has one- 
must be greater than n and that divisor itself must 
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be a prime, which is a prime number greater than 
n. If n! + 1 has no divisors greater than n, then n! 
+ 1 itself is a prime greater than n. In either case, 
a larger prime than n exists. Therefore, the number 
of primes is infinite, for in the same way a larger 
prime than n! + 1 can be found, and so on ad 
infinitum. 

This proof of the infinity of primes-which also 
presupposes in infinity of numbers-and the proof of 
the existence of irrationals did not spur, Euclid and 
his colleagues on to a fuller investigation of the nature 
of infinity. On the contrary, they avoided working 
with infinity and irrationals-which are part and parcel 
of infinity for an irrational number is itself infinite. 
Pythagoras had become so upset by irrationals that 
he tried to suppress them. Euclid, while not as 
extreme in his reaction, ignored the whole idea of 
infinity and infinite irrationals, preferring to deal with 
finite, static shapes that stood still and did not go 
bounding off into distant space. 

TH^e problem of infinity, however, is not one that 
can te ignored. No matter how much it is written 
out of the script and shunted off into the wings, it 
constantly creeps back on stage to shout, “Here I am! 
What part do I play in mathematics?” For 2,500 years 
no one knows exactly when or where, but the famous 
school at Alexandria continued. 
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"Mathematicians are like Frenchmen. What- 
ever you say to them they translate into their 
own language and forthwith it is something 
entirely different." 

— GEOTHE 

" Mathematical proofs, like diamonds, are 

hard as well as clear, and will be touched with 
nothing but strict reasoning." 

— JOHN LOCKE 
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IIT-JEE PRACTICE TEST 


— Er. Pankaj Chaudhary, 
Students coaching , Gwalior (M.P 


Time: 3 hrs 

Multiple Choice Questions 

1. sin 2 0 = — — is true if and only if 
x z + y z 

(a) x = y (b) x>y 

(c) x < y (d) x = 0. 


second equation is 

(a) x = - £ 
a 

(c) x = -- 
c 


M.M: 100 


(b) x = - 
a 

(d) x = ~. 
c 


2. If F(x) 




?}»"<) f 


then (goF) x is equal to 
(a) 2 
(c) 71/4 


17 


= 1 


(b) 1 

(d) none of these. 


3. If the alternate angles of a regular pentagon are 
joined forming another regular pentagon; then the 
ratio of the areas of the two pentagons is 
(a) 2:7-3V5* (b) <2 : 7 - 5V3" 

(c) 7-3VT.-2 (d) 7-5Vr:V2. 


8. The number of tangents which can be drawn 
from the point (-1,2) to the circle x 2 + y 2 + 2x - 4y 
+ 4 = 0 

(a) 1 (b) 2 (c) 0 (d) 3 

9. If y = e' sin x then the maximum value of y is 

(a) 0.366 (b) 2.73 

(c) log sin x (d) none of these. 

10. The value of 0 if [e i<3 ] 2 is purely imaginary is 


If sin f log^ J + cos | logi ] = 

,» of o / - ' 


(a) 0 = 2n 7t ± y 
4 

(c) 0 = 2n Jt 


(b) 0= n7t±^ 
4 

(d) 0= n 7t. 


4. 

value of 0 « 
(a) 90° 
(c) 45° 


cos 0 then the !!• If the products of the roots of the equation 


(log 2 xY - 3K flog 2 x) + 2e 10 - 1 = 0 is e ,w then the 
roots are real. The general value of 0 is 

(a) 0= 2n7t (b) 0= 2ntt±| 

(c) 0= n 7i + (-!)“ j (d) 0= n7t. 


(b) 180° 
(d) 0° 


5. If 0, <J> and x are the angles of a triangle and 


je 


, e ,x , e 19 are in A.P., then the triangle is 
(a) Isoceles (b) Right angled 

(c) Equilateral (d) None. 


12. J x -3 x 5 1/x dx= Kx5"* then K is 


6. If y = cot 


-1 


log (ex 


then the value of — £ at x = 1 is 


log 

ii, 


+ tan 






61ogx 


(a) 

(c) 


1 


2 log 5 
2 


jl/X* 

(b) -2 log 5 
(d) 2 


dx 


(a) -1 
(c) 1 


(b) 0 
(d) e. 


log 5 log 5 ' 

13. The area bounded by the parabola y = x 2 and 
the lines x + y + 2 = 0 and x = 2 is 


o I 


7. If the equations ax 2 + 2bx + c = 0 and x 2 + 
2 P 2 x +1=0 have a common root, where, a, b, c are 
in AP and P 2 * 1, then the second root of the 


«>? 
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14. If sin 0+cosec 0 j 
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2 then the value of 


sin" 0+cosec n 0 is 

(a) 2 (b) 2n 


(c) n (d) 0 


200 


15. The value of ^ i n where i = V-l 

n = 1 

(a) 50 (b) -50 (c) 0 (d) none. 

16. In a triangle ABC if A = y, B = 2A, C = 2B 

then the value of a 2 + b 2 + c 2 is 

(a) 3R 2 (b) 5 R 2 (c) 7R 2 (d) 9R 2 

i,x / „\X 


17. The derivative of X x with respect 


(a) X 1 


( X X - x 2 + x - 2 ) 




(log ex) (lo; 

log (ex 2 ) 


(c) x< xX + x2 - x + 2) 


(d) 1/2. 


20. If f(x) = 


x 

3! 


sin x 


sin 3 


K K 2 


cos3f 

K 3 


then the value of — r[f(x)] at x = 2 ji corresponds to 


dx 


(a) -1 
(c) 1 

PART B 


(b) 0 

(d) independent of K 


1. Solve the equations in 6 and <|> 
2 l sin 0 I + 1 cos $ I = ^1 cos $ I 

^1 sin 0 I = 22 * cos ♦ * + * 

2. Evaluate 


3. The area bounded by the line y = x the curve y 
= f(x) above it, and the lines x = 1 and x = t, is 
equal to 

/ rrrr- x3/2 

| VV t 2 + i + 1 + 1 ) for all t > 1. Find f(x). 

x 3 

4* If x > 0 show that x - — < log ( 1 + x) < 


x - 


2(1 +x) 


t to ( X x "j is 

lllokxll J 


5. Prove that 

2e‘dt 


(e 3t -6e 2, + lle‘-6) 


= log 


(c'-Dic'^y 


(e‘-2) 


+ C 


(b) 0 

1 + (log ex) (log x) 1 

log (ex 2 ) j 

(d) none. 

18. Three vectors of magnitudes a, 2a, 3a meet in a 
point and their directions are along the diagonals of 
three adjacent faces of a cube, then their resultant is 
(a) 6a (b) 7a (c) 5a (d) 3a 

19* The value of lim - is 

x-»oo x 2 

(a) 0 (b) e (c) 2 


6. A monkey is climbing a mast of a ship at 2^2 
feet per second. If the ship is moving at 5 feet per 
second towards south and the current* is taking it 
towards east at 4 feet per second towards east; find 
the velocity of the monkey in space, 
a 

Solve for 0 if e e = 0. 

8. For all x in [0, 1], let f"(x) exist and satisfy 
lf"(x)l< 1 if f(0) = f(l), show that 
If' (x)l < 1 for all x in (0, 1). 


ANSWERS 


PART A 


1. a, b, c 

2. (b) 

3. (c) 

4. (b) 

5.(c) 

6.(b) 

7. (b) 

8.(c) 

9. (a) 

10. (b) 

1 1 . (a), (c) 12. (a) 

13. (d) 

14. (a) 

15. (c) 

16. (d) 

17. (a) 

18. (c) 

19. (d) 

20. (b) 


PART B 


-1 


1. <t>= cos 
0 = sin' 1 ± 
3. f(x) = x + 


log 2 


log 3 - log 2 

log 2 


log 3 - log 2 


2 . 


n _ 
a K 

n 


\l/2 


vx z + 1 + X + 


X* + 1 +x + x 

2 Vx 2 + 1 ) 


J* 

6. velocity = 7 feet 

jer second. 

J log (1 - 2a cos 0 + a 2 ) cos n 0 d 0 where a 2 < 1. 

0 

Nj 

CD 

II 

<x> 

II 

o 

o 

C/5 

n - 1 f n \ 

2 ” C ° S 1 2 J1 
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Limits, ccntinjtty & Diffferertiaribiity 


OBJECTIVE/SHORT ANSWER QUESTIONS 
Evaluate the limit in all questions unless otherwise specified 


1 lim sin (a + X) - sin (a - x) 
x-+o tan (a + x> - tan (a - x) 

3 . Iim n-r-.j E? 

x— * 1 x - 1 

4. lim (1 + 3tan 2 x)“ A 

x-»0 

5. 


x-+0 


(1 + x*) ia - (1 - 2x) b 


6. lim \ 

x-»0 X + X 2 

7. lim (cot x - (1/x)) 

x->0 

8. lim [tan((x/4) + xYl 1 * 

x-fO 

9. lim. f ,'f , 

x->0 l0g(l + X) 

10. lim (1 + cosx) s "°‘ 

x-wt/2 


11. Find lim ^0 ' cos2x) jf j t ex ists 

x-»0 x 

12 lim _ 

*T. (a 3 - xY- (a - xT 


13. lim 


l 3 + 2 3 + 3 3 + 4 3 n 3 

n J + 2n J + 3n J + 4n J ...n 3 
14. lim k**' 1 


x - e 
/ » + 

x-»0 


15. lim (ttt) 1 ' 

x-*0 x/ 

16 - ill + 

1 - x -He 


(n -1 


17. lim . 

x— ♦ I 1 - 

18. limx* 

x-+0 


19. If lim ( x = 4; find the value of c. 


20. lim \l(x + aXx + b) - x 

X->oo 

it(i/2><-(i/4)....(ia-) 

;™ 1 + (1/3) + (1/9).. .0/3") 


“■ S2.frW“ 


23. lim 

x-*0 


e* - (1 + x) 


7T 


g( x ) = p. 


24. Given that : f(x) = Jj- 
find the value of lim [f(x) - g(x)] 

25. Examine the following function for continuity at 
x = 0 

/ e -v« J x * 0 


fe -w x * 

f(x) = i, x = 0 


26 ij m sin(a + 2x) - 2sin(a + x) + sina 

‘ x-»o X J 

27. Examine continuity at x = 1 
x- 1 


m = 


x* 1 


1 + e t/fx-I) » 

log (1 + X 2 + X 4 ) 


f(l) = 0 


28 ‘To 3x J (l - 2x) 

29 lim sin(1 + x) ~ sin(1 ' x) 

x— ►O X 

30. lim ^ ; a > 0, a e I 

X-M 4 X 

31. lim ‘°f‘ + 

x -»0 1 - cosx 

32. Examine continuity at x = 0 


f(x) = 




e*'*’. 1 
1, x = 0 


33. lim (1 + (l/x)y* + ,y * 

X-*«0 
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How to Study 


Dear friend, 

My name is Raj Bapna. In this letter, I have 
something very important to say that can help 
you greatly to get success in your exams and 
competitions. If you have 10 minutes, I request 
you to read this page about how to study, how to 
use more mind power, how to improve your 
memory and much much more. 

Yogis have always known it and scientists 
have also discovered it now— that most people 
use only 1 0% of their mind power. 

How Will You Benefit 

Before you read this page fully, I want to make 
it clear that my course cannot give success by 
magic. But with my course, you can be more 
sure of success because you become better 
than 99% of students in the following 9 Critical 
Success Factors : 

1 . Good increase in your memory and con- 
centration 2. Your effectiveness to read and 
learn will increase greatly 3. Your ability to study 
longer without getting tired (body or mind) or feel- 
ing sleepy will increase 4. You will experience 
thal you are capable of achieving much more 
success than you currently do (even if you are al- 
ready very good) 5. Small to moderate improve- 
ment in your intelligence 6. Set realistically high 
aims/goals and take you step by step on the 
road to achieve success 7. Improve writing, 
spelling, interview skills 8. Learn exam secrets 
to get more marks for what you have studied 
9. Avoid big mistakes that can result in failure. 

Suppose you improve only 5% in each, then 
total improvement is 5x9 = 45%. I know you 
will improve 100% just in reading speed. So, 
total improvement will be great for your success. 
Simple, Practical, Effective 

My techniques are effective. They do not 
make you tired. And you can leam them fast. I 
teach no theory. Only the techniques that have 
proved effective for myself and other students. 

You may find it difficult to fully understand the 
power and benefits of my course just by reading 
this page now. But, those who join my course 
will benefit greatly and avoid mistakes that can 

cause failure for others. 

The newspaper Times of India, says that 
from my course you leam “Simple, effective, 
practical techniques to improve overall intel- 
ligence and mind power. Even average student 
can easily understand." 

New All India Memory Record 

One of our students R Caudally has recently 
set All India Memory Record. In interviews to 
many newspapers he said “The secret of my 
newly developed memory are postal courses 
Mind Power Music and Mind Power Study 
Techniques from the Mind Power Research In- 
stitute, Udaipur." Before joining our courses, he 
was an average student and scored only 52.3% 
in High School Exam. 

Are you thinking now “If my course can help 
someone to set a new memory record, can it not 
help me to get more success in your exam?" 
Improve Your Memory Quickly 

Of many easy techniques, I explain two: 

ONE. The brain has two memory stores: short- 
term and long-term. Research shows that 
without revision, after 24 hours we remember 
only 18%. After 1 month only 5%. It clearly 
shows that we must revise. But, most students 
do not revise systematically, so much of their 
hard work is wasted. I teach you the powerful 
techniques “Systematic Revision" and "Daily 
Routine" so that you can revise and remember 
more in less time. 

TWO. Scientific research has proved that for 
better memory, we should take rest and not 
study continuously for hours. You will learn my 
technique “Rest Routine” to get maximum benefit 
from the rest. This technique relaxes you, chan- 
ges your brain waves, and puts you in a “learn- 
ing state". 


for Engineering Entrance Exams 

Read Faster to Revise Faster 

Everyone can leam to read and understand 
300, or 500 or more words per minute. But, 
many of us read only about 100 words per 
minute. My “Finger Technique" will double your 
reading speed in 30 minutes. Your read slow if: 

• If you read aloud or move lips • If you do 
not read aloud but hear the sounds in your mind 
when you read • If you read one word at a 
glance rather than reading many words at a 
glance • If, without your knowledge, you read 
some words again and again. 

My course will help you to overcome these 
habits. The best use of reading faster is not to 
study new chapters for the first time, but to 
revise again and again quickly so that you can 
remember more in less time. The “Finger Techni- 
que" helped me to increase my reading speed 
from 72 to 1037 words per minute. Here is what 
two experts say about this technique: 

“I am very happy to inform you that my son 
Ravi Anand increased his reading speed from 
228 to surprisingly high 1818 words per minute. 


Thank you for your course." 

—Dr M L Singh. MBBS. MS. Eye Surgeon. Bihar 

“Unbelievably, I improved my reading speed 
from 75 to 200 words per minute. My son im- 
proved his memory. He also improved his read- 
ing speed from 45 to 100." 

— Prof M Bhatnagar. PhD. Formerly in USA 

I Was Not Always Successful 

I want you to know that I was not always high- 
ly successful as a student. You can call it luck or 
chance that I happened to discover a few techni- 
ques to study for success. These techniques 
changed my life and my marks improved in three 
years from 73.0% to 78.0%, 83.5%, 87.7%. 
Similarly, I did not get NTS scholarship in class 
10 because I made a simple, stupid mistake. 
Then in class 11 . 1 did not make the mistake and 
I got success in NTS. 

Do you realize that if just a few techniques im- 
proved my success so much, what my complete 
course can do for your success? 

What is Unique About It 

My course combines 5000 year old Indian 
techniques with the latest scientific discoveries in 
brain research, nutrition, psychology, and music 
in America and other countries. 

In USA, just before returning to India, I spent 
1300 dollars (about Rs 42,000) to join two cour- 
ses to learn 3 more mind power techniques. You 
will learn them in my course. My personal library 
has books and courses worth Rs 1,17,210. I 
have read, experimented, researched with all 
their techniques and included only the best ones 
into my course. These techniques are in addi- 
tion to my own developed techniques in the 
course. This course is protected by the 
Copyright Law, and so nobody can copy my 
material. 

Used by Lakhs World-Wide 

Lakhs of people from every corner of India 
and from many parts of the world are benefiting 
everyday from my course. Consider just this 
simple fact: If a course from India is used even 
abroad, the course must be really good. 

Do you understand fully that you can decide to 
order this course now to help you to get success 
and also to fulfil your parent’s hopes and 
dreams? 

Music for Success 

It has powerful effects on your mind/ brain. 

So, it is not for people with epilepsy, and anyone 
undergoing psychiatric or electro-therapy. 

It is based on scientific research into how the 
mind works and how to program and control it for 
our own success. It has sounds from instru- 
ments and nature (river, birds). For details on 
how such relaxing music helps to learn faster, 
please read USA best-seller books “Superlearn- 
ing" and “MegaBrain". 

The Hidden-Messages™ in music bypass your 



BIO-DATA 

•B E. BITS Pilani. MTech, 

IIT Kharagpur, ntse 

scholar. Rank 5 Raj School Board. 

•World-famous author. I publish-ed 3 computer 
books in USA. One is best selling ( MS-DOS Masters). 

•Increased my reading speed from 72 to 1037 words 
per minute. Was a member of Society for Ac- 
celerated Learning & Teaching, USA. 

•My first job as an engineer paid only Rs 1000 per 
MONTH. Just 7 years later, I earned 50 dollars per 
HOUR in USA as computer expert. 

•At the peak of success, I returned to India to do 
something in our own country. Now, I spend my full 
time as a scientist to do mind power research. 

•I also learnt French, Sanskrit, Karate, Breaking 
wooden board by hand, many Meditations, etc. 


conscious mind and go to your subconscious 
mind, and change your behaviour. Here is what 
people say: 

“I have already purchased a course of Mind 
Power Music. Please send me 6 more for the 
use of my staff. Thank you.” 

—Rector (Principal). Holy Rock School, Burdwan, W.B. 

“Very good. It relaxes my body and mind. It 
reduces the tension of my studies." 

— Dr Anju Bnnthiya, MBBS, Bhopal 

Money-Back GUARANTEE 

Order my course (code 805 or 712) and if you 
are not 100% satisfied, tear it ino 2 pieces and 
return in 31 days, and I will send MO for your 
money (less Rs 30 for processing charge). No 
questions will be asked. If you order this month, 
I will also send a poster of Bapna’s Optical 
Illusion ™ Technique for Concentration . Keep it 
as free gift' even if you return the course. 

Time Does Not Wait for Anyone 

It is now upto you. You can turn this page as 
if you did not even read it and miss this oppor- 
tunity for more success. Or, you can join this 
course today. Will the coming weeks and 
months make you a much better student by join- 
ing this course? Or, will you remain like many 
others and struggle for success? 

You decide. 

Discount Prices 


Course Name 

Course 

Code 

Price + 
Postage 

Mind Power 

Mind Power Study Techniques course 

805 

145+15 

Memory and Concentration cassette 
(FREE: get book Mind Power Music) 

110 

66+10 

Medical / Engineering Subjects 

Memory Maps for Physics 

510 

225+15 

Memory Course for Chemistry 
(FREE: get book Advanced 

Numericals and Questions and 

Answers in Chemistry) 

520 

225+15 

Memory Course for Maths 

550 

225+15 

Special Offers (Medical/Engineering) 


Engineering 3 courses (510, 520, 550) 

922 

675+15 

All of the 5 courses above 
(2 mind power and 3 engineering ) 

922+ 

712 

885+15 


tyot sold in any shops 


How to Order 

All courses will be sent by Registered Post 
only. No VPP please. To order today, go to the 
bank or post office, and send the full amount by 
D.D. or M.O. in the name of M.P.R.I. payable at 
Udaipur-Rajasthan to: 

Director, Mind Power Research Institute 
TM-11 Mind Power Chambers, Sect 4 Highway 
Udaipur (Rajasthan) 313002 

To get it fast, please write your name, address, PIN in 
CAPITAL letters. Write your address at the (1 ) bottom of 
MO fonrn or (2) back of DD. Don’t send TMO or IPO. 
Allow 1-3 weeks for order processing. TM-trademark. 
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34. lim (*fS) 


t»ax 

in® 


x-*0 

35. Find lim e ,7< if it exists 

x-hO 

36. Examine continuity at x = 0 

.-I/* 


55. Give all the points of discontinity of : f(x) ■* [x] 

56. Examine continuity at x - 0 

f( 0 ) - -1 


f(x) = It ;x *0 


m 


-ft 


+ T 7 


x * 0 
x = 0 


2 - 2 ,/x 

57. For what values of x is the following continous? 

f(x) = |x| + |x - 1 | 


37. lim (cos(x/2) . cof(x/4) .cos (x/ 8 ) ... cos (x/2"} 53 n m 6 x 12 - 8 x 7 + 9x + 1 


38. Examine continuity at x = 0 
f(x) = x sin(l/x) ;x ^0 

f(0) = 0 

39 . lim 5^5| 
x-»i x* - a* 

40. lim (sinx + cosx) ,/ ” 

x-M) 

42. Examine continuity at x = a (a > 0 ) 
* a 
a 

X\ 

x-*» ' X 


f(x) 


_ (M; ** 

~ 10 X = ; 


43. lim x(tan'‘ii-l - x) 
x-*x> ' x + 2 47 


44. Find : lim a* sin(b/a*) 
when (i) 0 < a < 1 (ii) a > 1 

45. lim 11 * + j * 1 ~ 1x1 
h-*0 h 

“wW 

47. lim (3 n + 5 n ) ,/h 


48. lim ^Jr 

- 2 

49. lun U 4 -4iT2J 


X x - X 


50. lim , . — 

/ x->l 1 - X + lOgX 

51. lim ^ 

x— ft x - a 

52. lim x" e - * 7 " ; n > 0 n e I 


53. Give all the points of continuity of 

f(x) = {X} = X - [X] 

1 54 lim tan ( a + 2x) ~ 2tan(a + x) + tana 


X-+0 


59. lim cosec roc logx 

x-»l 


60. lim 


3x - 4 

^ - 1 


61. lim +r ^ [ f(t)dt 

62. lim^- 

X-KO 2 

63. lim Ipl*.. 

x-»2i Vx 2 - 4a 2 

x + 6y< 




65. Examine continuity at x = 0 
[ 2x 2 + |x| Q 

(0 , x = 0 


f(x) = 


66. lim 3x 7 - 5x 5 - 7x* - 9x 

X-HO 

67. lim {( 5 -±- 1 ) n * 

x-*» lv n ' n 3 

68. Let f : R -» R be a differentiable function and 


2t 

t— i* 


f(l) = 4 Then, find lim 

X-*l 

69. Given f(x) = [tan*x] Then 

(i) lim f(x) does not exist 

(ii) f(x) is continous at x = 0 

(iii) f(x) is not differentiable at x = 0 

(iv) f(0) = 1 
sinx\i/x 


/ SIIIA Y 

70. lim H 7“ 

u .A 1 A ' 


X-f0 


7 1 . Which of the following functions are continous 

on (0, 71) 

X 

(b) f t sin (1/t) dt 


(a) tan x 

(c)f(x)={isi 

MATHEMATICS today ( )ct« >lx*r 19% 


0 < x < (3 ji/ 4) 
sin (2x/9) (37t/4 )<x<w 
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<d) 


rsinx 

= \it/2 sin(« + 


0 < x £ n/2 
x) tc/ 2 < x < n 


__ . .. d/dx x 2 - 1 

72. Find lim — . 1 — L 

x->i |x - 1| 

if it exists 

73. Iflim f + =2, 

x-*o l - b*e lhL 

then a ** .* and b — ... 


74. Given f(a) - 2; f(a) - 1 
g(a) * *1 g'(a) = 2 

Then find lim gW5^x)g(a) 
x-»* x - a 

75. If f(x) = e'*" x * 0, f(0) = 0 

Then f will be differentiable at x = 0 for what n? 

76. lim (1 - x) tan^ 

x-»! 2 

77. lim [cot (} - x)]*'*’ 

78. lim & + a x±i - 

x-m> va + x - va - x 

(3x 2 - 1 x < 0 

79. Letf(x)=(«:J 

Determine c & d so that f is continous everywhere 
SO. lim (1 + tan 2 >&)^ 

X-* 


81. lim (eoe-^t - cosVx + l) 

, 1 . 1" < -» + ■■» » 

X-»I 1 + cosnx 

SUBJECTIVE/LONG ANSWER QUESTIONS 


x^O 


1 

- X 


87. Examine derivability at x = 0 

|x" sin(l/x), x * 0 , m > 0 

f(x)= \o,x = 0 

Determine m when f(x) is continuous at x = 0 

88. Discuss limit, continuity and differentiability 
fx(3e Vx + 4) x * 0 


f(x) 


.{* 

lo 


2 - e 


V*~ 


x = 0 


89. Draw the graph of the following function and 
discuss its continuity and differentiability at x = 1 

J3> -1 <; x £ 1 

f(x)=\4-x 1 < x < 4 

90. Evaluate the limit and test continuity at x = 0; 
+ j -1 * 1 j» x ^ 0 


m 


[x.( 5 si 

lo, x = 1 


91 . A function is defined as : 

(x\ x 2 < 1 

= (X, X 2 £ 1 

Drawthe graph of the function anddiscuss continuity 
and differentiability at x = 1 


«x)-r„ 


fx 2 sin(l/x) 

83. If f(x) * ( 0 x = 0 

show that the function is continuous and differentiable 

for x ■= 0 

84 lim co6(sinx ] - c< ^ 

*-»o x 4 

85. If |x| < 1; prove that 
lim [(1 + xXl + x*Xl + x* 2 ) ...d + x 2 ")] 

86. Prove that there exists a solution of 
cosx = x" in [0, ti/ 2], n e I 


92. Show that the function 
jx [1 + (1/3) sinOogx 2 )] x * 0 

x = 0 

is continous but has no derivative at x = 0 

93. If f(x) = Mx - 1| and g(x) = sin x 

Find (fog)(x) and (gof)(x) and discuss the 
differentiability of (gof)(x) at x = 1 

94. If f[x) = -1 + |x - 1|, -1SXS3 

g(x) = 2 - |x + 1|, -2 £ x £ 2 

Calculate (fog)(x) and (gofXx), Draw their graphs 
and discuss continuity of (fogXx) at x = -1 and 
differentiability of (gof)(x) at x = 1 

95. Show that f(x) has a finite limit at x = 0 
f(x)= «M!,f(0)=0 

96. Let f(x) be a continous function such that 

f(x + y) = f(x) + %) V x, y eR. Prove that f(x) * 
cx given that c is a constant f(l) = c, x € I, x > 0 
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_^Tr ^ x * a 

97. ff the function f(x) = \^* ' *^* x _ a 
is continuous at x = a, what is the value of k? 

98. Let g(x) be a polynomial of degree one and f(x) 
be defined by : 

(g(x) ; x U 0 

Find the continous function f(x) satisfying 

f(l) = fC-D 

99. Let f(x) be an even function for all x. If f (0) 
exists, find its value. 


100. Let f(x) 


■(: 


{ 1 + |sin xl}^" * -jt/6 ix<0 
b x = 0 

0 < x S n/6 


k tan2x/tm3x 


Determine a and b such that f(x) is continuous at 
x = 0. 


Rationalise numerator and eliminate x 1 ) 

6. Ans. 1/2 

(Hint : Apply binomial theorem or use L - H rule) 


xcosx - smx 


7. Ans. 0 

(Hint : Limit = lim sinx . x 

xcosx - sinx .. xcosx - sinx 

- nm — — — 5 = um = 

x— *o (smx/x) • x J x-*o x J 

0/0 form . Apply LH rule) 

8. Ans e 1 

'(•“““""'“KnSrr 

e/e- 1 = e J 


9. Ans. 2 

(Hint : 0/0 form . Apply LH rule once) 

10. Ans. e 5 


Solutions/ Answers/Hints 

Objective Problem* 

1. Ans. cos’a 

(Hint : given limit = lim ^nraVx^ * S *c/n TiP' 
x-*o sinca + xi - sin (a - 

cos(a + x) cos(a - 
2cosasinx cos(a + x)cos(a - x) 


= lim - 

[sin(a + x) cos(a - x) - sin(a - x)cos(a + x) 

(Den. = sin2x « 2sinx cosx) 

2. Ans V? (Hint : Ll^B. = _J__ 

1 - x 1 + Vx 

3. Ans. -1/4 

(Hint : Use binomial theorem or L-Hospital’s rule) 


jmVi 


4. Ans. e’ 

(Hint : Limit = lim (1 + 3tan J x) 

Put tan’x = y; x*% 0 => y -» 0) 

5. Ans. 1/2 

(Hint : Apply L-Hospi tal rul e as it is 0/0 form. Then, 
1 + x } - VTT* 

“ x^Sx’VT - ^! + x J ) 


11. Ans. Limit does not exist 
(Hint : given lim l£- ‘ - x l 


x->0 

V2a 


L.H.L * R.H.L) 


12. Ans: =_ 

V3a + 1 

(Hint : eliminate N^xfrom denominator and numerator) 

13. Ans. 1/2 

(Hint : Sum the series in the numerator, series in 
denominator = n 1 (1 + 2 + ....n) ** n’(n + l)/2. Now 
divide above and below by n 4 . 

14. Ans : 1/e 

(Hint : 0/0 form . Apply LH rule once) 

15. Ans e 2 '* 

(Hint : Given Hm [(1 + (x/a))'*][(l - (x/a)) 1 '*] 


»!/■ .!/• . 




16. Ans. 1 

(Hint : Break the series into partial fractions. 

n , i 


Given = lim [ Z (- 
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n-»«o ni-j' m * 1 
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= lim [(1 + (1/2) + (1/3) ...,(l/n» 

- ((1/2) + (1/3) ...,l/(n - 1) + 1/m)] 
= lim (1 - (1/n) = 1) 

n-*=o 

17. Ans. -1 

(Hint : 0/0 form. Apply LH rule) 

18. Ans. 1 

(Hint : Note that 0° is an indeterminate form. Giyen 
limit = lim exp (log x x ) 

[wfiere, exp. (x) = e\ also note that e lo * x = x) 

= lim expte) 

x-M) 1/X 

-oo/oo form. Apply L.H. rule 
= lim exp. ((1/x) • (- x 2 )) = exp. (0) = 1 

x-*0 

19. Ans. c = log 2 

(Hint : Put 1/x = t; x — > oo => t -► 0 

then lim (iMliJ) 1 '' = lim (1 + ct) 1 ' 5 . (1 - ct) IA 
<->o \l/t)-c l ->0 

= e c . e c = e 2c e 2c = 4 => c = log 2) 

20. Ans : 

(Hint : Given limit after rationalizing 
n(a + b) + ab 
- k^o^x + a)(x + b) + x 

= iim a t b + ( ah / x) = a + b 

x-»o 1 + (a/x)X 1 + (b/x)) + 1 2 

21. Ans. 3/4 

(Hint: Sum the G.P.s in the numerator and denominator) 

22. Ans. e~* 

(Hint : Given lim f + x ) ' lx 

= lim [(1 + (2/x))*]' 2 = [e 2 ]' 2 =e -4 

X-*oo 

23. Ans : 1/2 

(Hint : 0/0 form. Apply L.H. rule) 

24. Ans : -oo 

(Hint : Given lim ((1/x 2 ) - (1/x 4 )) 

x-+0 

■ lim (x 2 - l)/x 2 = (0 - l)oo = - oo 
x-*0 

25 Ans. Not continous 


(Hint : Limit = 0; f(0) = 1) 

26. Ans : -sina 

(Hint : 0/0 form. Apply L.H. rule) 

27. Ans : continous 

(Hint : Limit = 0/oo = 0 = f(l)) 


28. Ans. 1/3 

(Hint : 0/0 form. Apply L.H. rule directly) 

29. Ans : 2cos 1 

(Hint: Given lim 2sinxcosl ) 

x-KI X 

30. Ans. 1 

(Hint : If a > 0; [a*] = a) 

31. Ans : -1/2 

(Hint : 0/0 form. Apply L.H. rule) 


32. Not continuous 

(Hint : lim — ; = 0/oo -1=0* f(0)) 

v x-*o e l/x - 1 


33. Ans = 1 

(Hint : Given = lim (1 + (1/x)) 1 ^ 

X~^O 0 

Put 1 + (1/x) = t; x -*■ -oo t 1) 


34. Ans. 1/e 
(Hint : Put sinx/x = t; x 
sinx t 


Now 


x • sinx 


Given limit = lim (t) 171 •' = lim exp. ( j— j log t) 

- Jim «p. 

0/0 form. Apply L.H. rule 
Jim exp. f = e 1 ) 


t-»i 


35. Ans. Limit does not exist 
(Hint : R.H.L = oo * oo « L.H.L) 


36. Ans: Not continuous 
(Hint : lim f(x) 


x-*0 


e' 


Vt 


■lim . 

x-+o e' 1/x + 1 


0*f(0) 
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37. Ans: sinx/x 

(Hint : Given «■* - Jjm kgSL_ ) 

(By Mgo result) -lira (§$£,) 

0/0 form. Apply L.H. rule taking n as variable) 

38. Ans : continuous 

(Hint : lim f(x) = 0 x (some value between -l and 1) 

x-*0 

= 0 - fCO)) 


(Hint : Limit =* Urn exp. [(1/n log (3“ + 5") 
«o/oo form. Use L-Hospital rule 
= lim P"»og3 + 5 n log5 1 

= lim exp. (log 5) = 5) 


39. Ans:- 

= lim 

(3x) + 0 
. 1 

(log a) +‘ 1 

D-hoC 

(Hint : 0/0 form. Apply L.H. rule) 

49. Ans: 

e 2 

40. Ans. e 

50. Ans: 

-2 

(Hint : Limit = lim (1 + sin2x) 1/I * 

(Squaring and taking root) 

51. Ans : 

rne m * 

= lim[(l + sin2x) l/ * n2x ]“ a ^ 1 * = e 

x-^0 

52. Ans : 

0 


48. Ans : -oo 

(Hint : Given limit = lim 2 - * .— Iffi* . ) . 

Vl - (2/x 4 ) 


= -oo) 


(Hint : See Q 46) 


41. Ans. 1/4 

(Hint. Limit - lim fl* • (W) )- <w '<" > 
*-** '2 - (3/x) - (2/x 2 ) ’ 

= (1/2) 2 = 1/4 

42. Not continous 

(Hint : R.H.L. = a * a - 1 = L.H.L) 

43. Ans : -1/2 

(Hint : use tan 1 A - tan'B formula, then put 1/x = t, 
v «/4 = tan 'l) 


(Hint: Apply L.H. rule n times: = lin/ n - 0) 

X-400 C 

53. Ans : x e R ~ {x : x € 1} 

i.e. all real x such that x is not an integer. 

(Hint : See graph of {x} or test R.H.L and L.H.L. at 
any integral value of x. R.H.L * L.H.L) 

54. Ans : 2tana sec 3 a 

55. Ans : x e R ~ {x : x e 1} (Hint : See Q 53) 


44. Ans (i) 0 (ii) b 

(Hint: (i) Limit is of the form Osin(oo) 

= 0 x (Number between -1 and 1) = 0 
. ,. sin(b/a‘) 

(n) Limt = lim — rr-t — . 

x-*>o 0/ a 


b = b x 1 = b 


56. Ans : Continous 

(Hint : In f(x) ; divide above and below by 2 '*) 

57. Ans : x e R 


45. Ans |x|/x 

(Hint : Note that the limit is = ^ |x| 

It is easily seen that^|x| = 

46. Ans : >Sb 

(Hint : You can use x = e lc ** as in Q 18) 


58. Ans : oo 

(Hint : Limit = lim x ,J (6 - (8/x*) + (9/x") + (l/x w ) 
= oo • 6 53 oo 

59. Ans : -1/it 

60. Ans : oo (Hint : See Q 65) 


47. Ans : 5 


61. Ans : f(a) 
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(Hint : L.H. rule applies, since as x -►a* ; the integral 
reduced to I f(t)dt which equals 0. 0/0 form 

» lim f(x) (vd/dxf f(t)dt=f(x)) =«a)) 

X-M* 1 

»«a) 

62. Ans : » (Hint: Apply L.H. rule lOtimes) 

63. Ans : 1/3 


64. Ans : e’ 

(Hint Put x + 4 = t : Limit 



(Hint : tanx is discontinous at n/2) 


72. Ans : Limit does not exist 
(hint: Limit -to 

C — |x| = I5L) L.H.L - 
^ dx w x 
R.H.L. = lim 1 x 


x-*r 


2x =oo 

in 


lim -1 x 

x-*l 


2x 

1 -X 


= -00 


73. Ans : a = 1 , b - 2 

(Hint': Divide above and below by e 2 * for R.H.L. and 
evaluate directly for L.H.L) 

74. Ans : 5 (Hint : Apply LH rule) 


75. Ans : {n : n el) ^ (n < 0} 


65. Ans: not continaus 

(Hint : L.H.L * -1 * R.H.L = 1 * f(0) = 0) 


76. Ans : 2 In 

(Hint : Put x = 1 + h; x -► 1 => h e 0) 


66. Ans : -<o (Hint : See Q 58) 

67. Ans : 0 
(Hint Given limit 

lint 1(1 + ■fiO" " 1 " ■fifl*' =(e-ir=0 
|v x* -0 V -1 > x > 1] 

68. Ans : 8f(l) 

(Hint . since f(l) - 4; at x = 1. the integral reduces 
tol 2tdt which is zero. The denominator is also 0. 
Thus it is 0/0 formed L.H. rule applies 
Limit * lim d/dx J 4 2tdt 

x-bl j 

= lim (d/dx[f(x) + c) - d/dx[4 J + c)} 

= lim 2f(x) f(x) - 2 x 4 x f(l) - 8f(l)) 

X-bl 

69. Ans (iii) 

70: Ans : 1 

(Hint Limit = lim exp. f °S ” n — x ) 

0/0 form Apply L.H. rule 

- lim exp. (cotx - (1/x)) Now see Q7) 

X-tO 

71. An s : (b), (c), (d) 


77. Ans : 1 

(Hint : Limit = lim [tan ((n/4) + x))]"* 1 ** 

- = ,dt ' f = 1 

78. Ans >5 79 Ans c = 4, d = -1 

80. Ans (Hint : Use x = e 10 * and L.H. rule) 


81. Ans = 0 

(Hint : Use cosA * cosB, rationalize and you get the 
form 0 sin(oo) - 0) 


12. Ans : -ic 1 

Subjective Problems 

83. Continuity can easily be shown at x = 0 
Left hand derivative (L.H.D) = H»n - X ° 

(-h) 3 sin(-l/h) - 0 =limh8 i n (i/h) = 0 

VS, -h b-»o 


LH.D. — lim l(x» + h ) ~ 
h-*> h 

-lim * sin(l/h)^_0 . Q 
fc-*o h 
Derivable at x = 0 
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84. lim cos(siiyc) - cosx 


x-*> 

= lim -2 sin(sin x + (x/2» sin (sinx - ( x/2 )} 

X-+0 ^ 4 

= lim - -L . (sin J x - x 5 ) 
x-*> 2 x 4 

0/0 form : apply L.H. rule 4 times 
= 1 / 6 ) 

1 -x 5 


85. Note that 1 + x = 

1 - x 4 


1 - x 


(1 + xXl + x 2 ) = TT x 

(l + xXi + x 2 )(i + x 23 ) = 

; Add all such terms till nl j * ♦« 

(1 + xXl + x J Xl + x 2 *) ...(1 + x* 1 ) = -777- 
applying limit a n -> 00 on both sides; 

HSM(1 + xXl + x 7 ) ...(1 +X 1 ")] 

= i»2 1 - x = 1 - x Proved 

86. Let f(x) = cosx - x" 

Now, f is continous on [0, ti/2] 
f(0)=l f(7t/2) = -l 

f(x) = -(sinx + nx"' ') 
which is negative in [0, nil] 
f is monotomically decreasing 
=> There is a value of f(x) in 
[0, ti/2] which equals 0, 

=> cosx - x" = 0 

or cosx = x" for that value. Proved 

87. f(x) is differentiable at x = 0 for m £ 2 and f (x) 
is continous for m £ 3. 

m £ 3 

88. R.H.L =Jto). X(3 2 e r e t 4) 

Put x = 0 + h, x -> 0* => h -> 0 
• h (3 + 4e' ,/h ) 

= |M» 2 e'*- 1 “ 0(-3) = 0 

L-HX-g» ^“ e * 4) Pulx- 0 -h 

-h(3 e'* + 4) 

=tm- 2 -: 3 -./h =-o(2) = o 

/. L.H. L = R.H. L = f(0) 
f is continous and limit exists at x = 0 
R.H.D-l&fl P + y-q 01 


-lira -lira U + <"*') 

h -* 0 h(2 - e ,/h ) h-»o (2e' Ml - 1) 

L.H.D = lim f (° ' h > • f(0) 

Ifi 

= lim - r^ jr '* th\ ^ 4/2 = 2 
h-»o h(2 - e- ,/h ) 

Derivative does not exist at x = 0 

89. Draw graph yourself 
Clearly, L.H.L = R.H.L =* f(l) at x = 1 
L.H.D.’ = 31og3 5* R.H.D = -1 
The function is not differentiable 


-3 


90. L.H.L = lim x ■ 

x-*0" 


e»/K . 0-i/k 

TUT. 


e ,/x + i? 7 * 

Putx = 0- h,x-»0=>h-»0 

= lim -h • -Cr e '2 = lim -h • = 0 

h-»o e' ,/h + e ,/h h_to e' Ml + 1 

Similarly, R.H.L. = 0 

v L.H.L = R.H.L = f(0) 

The function is continous at x = 0 

91. Draw the graph yourself 

ff , f* 5 > Ix| < 1 

* x > ix, (x| * 1 

(Taking square root 

fx’ - 1 < X < 1 

lx -l^xil 
lir^x 5 = 1 = f(l) = lim x 
The function is continous at x = 1 

f(n = lim f ( 1+h >-^) = lim q +h >-l . 1 
h-+o h h— jj 

fW-lira g . -M-W) ..3 

h-+0 -h h-+0 *h 

Not differentiable at x = 1 

92. Do yourself 


-C 


93. (fog) (x) = V|sinx - 1| 

(gofXx) = sio^x - 1| 
Differentiability of (gofXx) : 

fd 4 ) = lim A 1 + h ) • = lim 

h -*0 h h -*0 

sm4h 1 


*TF 


— lim — s= • -= 
» sp: vf 


fd) 


h-*0 — 


00 
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= limsin ®ll =*«> 

h-*0 -h _ 

Derivative does not exist at x = 1 

-l > x 2 -2 

0 2 x > -1 

1 2 x > 0 

2 2 x > 1 

3 2 x > 2 


94. f(x) = 


g(x) = 



= 2 - 1=1 
= Hnj^cosx 2 - 


sinx 2 


= lim f (x) 

x->0’ 


. f(0 » h) - f(0) = lim f(° - h) ' ^ 

•• h h-*o -h 


h-»0 h 

lim M 

IIB. h h-»° *h 

Now. L.H.S = - R.H.S 


-12x2-2 

0 2 x > -1 

1 2x>0 

2 2 x > 1 

3 2 x > 2 

Now, find (fog)(x) and (gof)(x)for the given intervals 

fog is continous at x = - 1 

gof is not differentiable at x = -1 

... _ 2cosx 2 - sinx 2 

95. f(x) = jjj 

- 2 S ‘ nXJ v * 0 

= 2cosx 2 - — — ,* #u 

. 2 s ‘ n x 2 

lim f(x) = lim 2 cosx 2 - —r 

x-*0* x-hO X 


h h ">° 

f is even; f(-h) = f(h) 

So, L.H.S = 0 =>f(0)= 0 

100 . lim (1 + Isinxl }^' 1 -e* 

lim e = b™ ex P ^*2* ~ * tan3x 

X— >0+ X-H/ + 

= e 2 ' 5 /. L.H.L = R.H.L. = f(0); 

a = 2/3 , b = e 27 ' 




96. f(l) = c = c(l) 

:. The result is true for x = 1 
Let it be true for x = m 
Then; fim) = cm 
Let us prove it for x = m + 1 i.c. 
f(m + 1 ) = c(m + 1 ) 

L.H.S = fim + 1) = fim) + f(l) my & Wcn £<mdi,ion) 
= cm + c = c(m + 1) = R.H.S 
So, the result stands true for m = 1, 2, 3, 4.... 

=i im 

x->. x-a vx - -va 
= l/2>x(l/3a "r = 3/2 a' /( 

. 1 c = 3/2 a' ,4 for the fucntion to continous at x - a 

98. Do yourself 

(Hint : let g(x) = ax + b g(- 1 ) = f(*l ) = b * a 
Find f (x) ; put x = 1 and equate it to b - a. Then, find 
R.H.L. and L.H.L of fix) and equate the two to get 

value of b) 

99. If f(0) exists; f(0 + ) = f(0) 


97. lim 
*-»» *vx 


OLD ISSUES 


IIT-JEE SPECIAL 


SPECIAL ISSUES FOR 1IT ENTRANCE EXAMS 

cr ||T - JEE Practice Test Series 
C r III JEE '95 Solved Paper 
jee Olympiad 

d- io Best Questions Contest 
d- international Olympiad 


Essential 
for every 
student | 
appearing 
for 

IIT-JEE '97 


Problems and a lot more 
exhaustive study material 
for IIT aspirants 


■ (199b) 

(For Rs. 

85/- only) 

Mathematics Today - 
Chemistry Today 
Physics For You 

April, May, Sept, Oct. 
April, May, June, Sept 
May, June, Aug. 

(1996) 

(For Rs. 

85/- only) 

Mathematics Today - 
Chemistry Today 
Physics For You 

Feb., March, April, May 
Feb., March, April, May 
Feb., March, April, May 


uiippy II ROOK YOUR ORDER T QPM 

Send the money by DD/MO favouring 
Mathematics Today or order by V.P.P. 
Write to: 

MATHEMATICS today 

H-2A Green Park Extension 
New Delhi - 110 016 
Ph : 6515864, 664119 


MATHEMATICS today October 1996 


49 


1 . Find the area bounded by the curve 
y = (x - l)(x - 2)(x - 3) lying between the ordinate 



i 2 


= J (x-l)(x-2)(x-3) dx-J (x-l)(x-2)(x-3) dx 
1 2 

= J ( x 3 -6x 2 + 1 lx- 6 ) dx- J ( x 3 - 6x 2 + 1 lx- 6 ) dx 
• 2 



2. The area bounded by the curve y = f(x), x axis 
and the ordinates x = 1 and x = b is 
(b- l)sin (3b + 4). Find f(x) 

Soln. 


Given, (b- l)sin(3b + 4) = J ydx = J f(x)dx 

l l 

Differentiating w.r.t. b we get 
sin (3b + 4) + 3(b - 1 ) cos (3b + 4) = f(b) 
f(x) = sin (3x + 4) + 3(x - f) cos (3x + 4) 

3. Sketch t he region bounded by the curve 
y * V 5 — x 2 and y = I x - 1 1 and find its area 


Soln. 


y = I x - 1 1 

y = x- 1 . xsi (i) 

y = -x + i, x < 1 ( 2 ) * 

represents two str aight lines 

Also y = V 5 - x 2 ( 3 ) 

represents the upper half of the circle x 2 + y 2 = 5 
S olving ( 1 ) and (3) we have, 

V 5 - x 2 = x - 1 => 5 - x 2 = x 2 - 2 x + 1 
or 2 x 2 -2x-4 = 0orx 2 -x-2 = 0 

or x‘ - 2x + x r 2 = 0 or x(x - 2) + l(x - 2) = 0 

=> x = - 1, 2 

Solving ( 2 ) and (3) we get x = -1 
The required area is the shaded region 



[f-] 

5( . 2 . 1 ^ l V JJ 

— — I cm * — j. « M 1 I 4 


= 2 1 sin 

5 \ _i 
= 2 Sm 


= |sin- , 1 -1 = ^-1 
2 2 4 2 




* - 5 


‘is 


so 
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4 . Find the area bounded by the curve x + y =25, 
4 y =s 1 4- x 2 l and x = 0 , above x axis. 

Soin. 

x 2 + y 2 _ 25 ( 1 ) represents a circle whose 

centre is (0, 0) and radius 5 
Also 4y = 1 4 - x 2 I 

4y = 4 - x 2 if -2 < x < 2 (2) 

= -4 + x 2 if x > 2 or x < -2 (3) 

or x 2 = -4(y - 1 ) for -2 < x £ 2 
which is a parabola whose vertex is ( 0 , 1 ) 

Similarly x = 4 (y + 1) for x > 2 or x < -2 represents 
a parabola whose vertex is ( 0 ; - 1 ) 

Point of intersection of (2) and (3) are (2, 0) and 
(-2, 0). Point of intersection of (1) and (3) are (4, 3) 

and (-4, 3)=> Required area = C or D Y 
. (- 4 . 3 ) 

4 ^ Q A 

= J V 25 - x 2 dx 


-X\, then we have 

e 1 ' + e - * 1 e‘>-e-*> 
A = 


•Se 1 


e -t ‘ -e 1 ' 


P(4.3) 


-J 

0 

■tf 


' 2 4 - x 2 


V 25 - x J + 25 



andB = |^ — ^ ’ 2 

Required area = area OACBO 

= A AOB - 2 area OCN 

Now A AOB = ~ ABON 

r' 

2 (Area ACN) = 2 J ydx 


-o 




e - e 


-t 


dt 


4 

1 r x 3 1 0 25 . - 1 4 

=2 + T S1 ” 5 


5 . For any real t, x = ^ (e 1 + e 1 ), 

y - 1 ( e ‘ - e _ ‘ ). is a point on the hyperbola 

x 2 - y 2 = 1 . Show that the area bounded by the hyper- 
bola and the lines joining its centre to the points cor- 
responding to tj and -tj is t|. 

Soln. 


= i|^ 2 > + e - 2, -2)d> 

Hence required area = ti 

6 . Determine the region bounded by 
x 2 + y 2 - 2 x 2 0 , 
x + y £ l,y ^0 

Soln. 

The given equations are 

x 2 + y 2 - 2x < 0 (1) 

x + y £ 1 ( 2 ) 

y> 0 (3) 

( 1 ) represents the interior and boundary of the circle 
Y 



Y A 

/ 

J 


\c\ 

B 

N X 


(x- l ) 2 + y 2 = 
1 . ( 2 ) repre- 
sents the left 
half of the 
plane deter- 
mined by the 
line x + y = 1 , 
including the 
line. 

(3) represents 


(x- i) j + y , = * 


Let A and B be two points corresponding to ti and 
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plane w.r.t. x axis including x axis. 

The circle and the line 

( 1 1 ^ 
m “ ,at 1-^.^ 


1 - 


ll 


Required area = J V 1 — (x — 1 ) 2 dx - J (l-x)dx 

1 




“[^7^ 1 — (x — l) 2 +^sin 1 (x — 1) J 

o 

•4 


1 2 

l ~l2 


1 

^2 


7t _ 1 
8 2 


7. Find the area bounded by the curve y = x 2 - 2x + 
2, the line tangent to it at the point (3, 5) and the axes 
of coordinates 
Soln. 

The given equation is 

y = x 2 - 2x + 2 => y - 1 = (x - 1) 2 
Which is a parabola whose vertex a is (1 , 1) 




dx 


= 2x - 2 


8. Find the area bounded by the curve 

x + 2x + y - 3 = 0, x axis and the tangent at the point 
where it meets y axis. 

Soln. 

The given equation is 

x 2 + 2x + y- 3 = 0 (1) 

(x + l) 2 = 4 - y 
Which is a parabola 

x 2 + 2x + y- 3 = 0=>2x + 2 + ^ = 0 

dx 

(1) meets y axis at(0, 3) 

At (0, 3)^ = -2 

Equation of tangent 
at (0, 3) is 
y - 3 = -2(x - 0) 

2x + y - 3 = 0 
It meets x axis at 

Required area 

= /f(-2x + 3)-(-x 2 - 
0 

9. Find the area bounded by the curve y = V 8 — x 2 , 
tangent to it at the point with abscissa x = -2 and the 
x axis. 

Soln. 

* . ‘ y = V 8 - x 2 




S2 
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“[ 2 + 4X ] ~ [ 2 ^ 8 ~ X " + 2 S ' n ' ] 
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% =4-71 

10 . Find the area bounded by the parabola y 2 = 2ax 
and a normal to it inclined at angle of 135° with the x 
axis. 

Soin. 

y 2 = 2ax 

dx y 

=> -j^ = -^ = tan 135 = -l 
dy a 


It meets x axis at (1,0) 
Required area 

4 

=1 J (6+4x-x 2 )dx I 
2Vm 

4 


/. y = a. Hence x = ^ 

Equation of normal at 
y-a = -| x - 1 | or x + y - ^ = 1 


a 

2 ’ a 


is 

•a 


It meets x axis 

Required area 
a 
2 

=J V2ax dx 


isa'A^f .oj 



3a 

2 


•IJi 


[ 2(x+ 2) - 6] dx 



F (-2, -6) 

2-VlO 


x 2 ) dx = 36 



J 2-VlO 

+1 J [ 2(x + 2) - 6 ] dx I - I J (6 + 4x - 
-2 - 2 

12. The line y = mx bisects the area enclosed by the 

3 

line x=0, y = 0, x=- and the curve y = 1 + 4x - x 2 . 

Find the value of m. 

Soln. 

The given equation is 

y = 1 + 4x - x 2 
2 

or (x - 2) = -(y - 5) which is a parabola with vertex 
at (2, 5) and the line x = 2 is its axis 
Area OABC 
3/2 

= Jydx 

0 
3/2 

= J (1 + 4x-x 2 )dx 


3/2 





8 


11. Find the area bounded by the parabola 
y = 6 + 4x - x 2 and the chord joining the points 
(-2, -6) and (4, 6) 

Soln. 

The given equation is 
y = 6 + 4x - x 2 or y = 10 - (x - 2) 2 
or (x - 2) 2 = - (y - 10) 

Which is a parabola whose vertex is (2, 10) and the 
axis x = 2 

It cuts x axis and y axis at (0, 6) and ( 2 ±VkT, 0) 

The equation of the chord joining the two given curves 
Soln. 


3/2 3/2 

Area OAD = J y dx = J mx dx 


o 

3/2 




9m 

8 


9m 39 13 

Q T = 76 ~6 


13. Find the area enclosed by the curves x 2 + y 2 = 4, 
x“ + y -6x + 8 = 0 and a common tangent to the 


points (-2, -6) and (4, 6) is 
y + 6 x + 2 

or 2x - y - 2 = 0 


Let the tangent at (xj , y,) to the circle x 2 + y 2 = 4 
also touch other circle 
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xx i + yyi =4 touches the circle x 2 +y 2 - 6x + 8 = 0 
whose centre is (3, 0) and radius 1. 

3xi +0yi -4 

Since x 2 -v y 2 = 4 


> 1 => 


3x,-4 


x, 


■ 3 ‘! 


Hence thepoint of contact P of the common tangent 


ice thepoi 
(2 4>/2| 

* 3 —} 

The equation of common tangent is 


on the first circle. 


10/3 

2 

, cr 3 . - 1 1 Sit 
= 3V2 + - sin 1 j- -J- 

14 . Find the area of the region 
{ (x, y) : x 2 £ y£ 1x1} 

Soln. 

The equation x 2 = y represents a parabola 
The equation y s | x I represents a pair of straight 
lines y * x, x £ 0 and y»-xforx<0 
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J V 2 " 9ji 9 . -il Ijk-1 
" 2 3 16 8 SII> 3 4^J 

9n 9 . - 1 1 1 

12 + 16 8 S1 " 3 J 


= 2 


16. Show that the area included between the 
parabolas 

8 i 

y 2 = 4a(x + a) and y 2 = 4b(b - x) is — VatT (a + b) 
Soln. 

The two equations y 2 = 40(x + a) and y 2 = 4b(b - x) 
represent two parabolas whose vertex are (-a, 0) and 

(b, o). y 

The two parabolas 
intersect at the 
point whose x 
coordinate is b - a 
Required area 

b b"2 

= 2 



J V 4b (b - x) dx + J V 4a(a + x) dx 


b-a 


=2 


-a 

b 


b-a, 


2Vb j- 1 (b- x) 3/2 } + 2^{ § (a+ x) 3/2 J 


b-a 


16 a^ 


(471 + VT) 


Hence required 
area = 64 it a 2 - 


\6ar 


(4n + V3) 


16a z 


(87t-Vf) 



y | 

A 


x ' ta 

ok N f A (8a, 0) X 

^ |\ (4a, O/ 

Y 


18. Show that the area between the ellipses 

x 2 v 2 x 2 v 2 -i b 

-r + , = 1 and — r + , = 1 is 4 ab sin / ~ - 

a 2 b 2 b 2 a 2 Va 2 +b 2 


-|Vba«+|VBV5.|V5b(. + b) 

17. Show that the larger of the two areas into which 
the circle x 2 + y 2 = 64a 2 is divided by the parabola 

y 2 = 1 2ax is ^ a 2 ( 8 7t - V3* ) 

Soln. 

y 2 = 12ax represents a parabola whose vertex is (0, 0) 
and x 2 + y 2 = 64 a 2 represents a circle whose centre 
is (0, 0) and radius 8a 

The two curves intersect at the point whose x coor- 
dinate is 8. Area of unshaded portion 
4a 8a 

= 2 } Vl2ax dx + J V 64a 2 - x 2 dx 

I 4a 



a 

+ b 


*47^ 


x b . -i x 

+ — sm — 

2 2b 


ab 


V a 2 + b^ 


=4 


a 

+ b 


a 3 b 

a 2 + b 2 


+ a 2 sin 1 


V a 2 + b^ 


4a 

2V3a | j x 3/2 }+ ||V64a 2 - x 2 + ^ 64a 2 sin -1 


8a i 


'x} 

8a 


= 4ab 
* 2ab 


ab 3 


* h 2_ 

2 '« 2 + b 2 


— b 2 sin 1 


a 


. -i b . n . -i 
sin - 7 -t r + — - sin i — « y 

V a 2 + b 2 2 Va 2 + b 2 


sm 


-l 


V a 2 + 1 


‘+COS 


-1 


V a 2 + b 2 
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= 2ab 


sin 1 


TF7\ 


• + sin 1 


V a 2 + b 2 


= 4ab sin" 


V a 2 + b J 


19. Find the area of the curve 
5x 2 + 6xy + 2y 2 + 7x + 6y + 6 = 0 

Soln. 

The given equation is 

2y 2 + 6y(x + 1) + (5x 2 + 7x + 6) = 0 

This is a quadratic equation in y so it will have two 

roots. Let two roots be yj and y 2 - 

yi + y 2 = -3(x + 1) 

5x 2 + 7x + 6 

yty 2 = 2 

Now, (y i - y 2 > 2 = (yi + y^ 2 - 4yjy 2 

= 9(x + 1; - (5x 2 + 7x + 6) 

= -x 2 + 4x - 3 
y ,-y 2 = V4x-x 2 -3 

The value of y is real when x lies between (1) and (3) 
Hence the required area 
3 

= /(yi-y 2 )dx 
1 

3 

= J V 1 - (x - 2) 2 dx 

l 

3 

= ^[(x-2) V 1 - (x - 2) 2 + sin" 1 (x - 2) j 

= sin - 1 1 - sin - 1 (-1) ] = ^ 

2 

20 . Find the area bounded by the curve y = 2x - x 
and the straight line y = -x 

Soln. 

The given equations are 


y = 2x - x 2 (1) 

and y = -x (2) 


(1) can be written as 

x 2 - 2x + 1 = -y + 1 or (x - l) 2 = -(y - 1) 

Which is a parabola whose vertex is (1, 1) 

The point of intersection of (1) and (2) is (3, -3) 
Required area 
= Area OAB + 

AOCD - area BCD 




\9 4 9 _ 4 _ 9 
3 3 2 3 2 


21 . Compute the area of the figure bounded by the 

parabola x = -2y 2 and x = 1 - 3y 

Soln. 

The two equations x = -2y 2 and x = 1- 3y 2 represent 
parabola whose vertex are (0, 0) and (1,0) 

Also -2y 2 =1- 3y 2 
=> y 2 = 1 
y = ± 1 

Also 1- 3y^ -2y 2 
=>- 1< y<, 1 
Required area 
l 


-1 

l 


= J(i - y 2 ) dy = 
-l 



22. Find the area of the figure which lies in the first 
quadrant inside the circle x 2 + y 2 = 3a 2 and bounded 
by the parabolas x 2 = 2ay and y 2 = 2ax (a > 0) 

Soln. 

The given equations are 


y 2 = 2ax (1) 

x 2 = 2ay (2) 

and x 2 + y 2 = 3a 2 (3) 


Equations (1) and (2) represents a parabolas where 
(3) represents a circle x coordinate of point of 
intersection of (1) and (3) f (2) and (3) are a, a V? 
Required area 
= Area OAC 
+ Area CABD 
- Area OBD 
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aV2 

\±l 

2a 3 


2^2 2 ^ 3a 2 . _i 1 V2 2 
= — 7—a + — sin - - — a 
3 2 3 3 

f >/2" 3 . -1 1 1 2 

"[ 3 2 Sm 3 J a 

23. Determine the area bounded~by the curve 
y*»(x- 1) 2 , the y axis and the line y»2 
Sola. 

The curve y = x(x - l) 2 meets x axis at (0, 0). (1, 0) 
while y axis at (0. 0). 

The line y = 2 and the 
curve y = x(x - 1) 2 
meet at (2, 2) 

Required area 
■ area ODBC 



B0.2) 


<0.0 O 


A (1.0) DttO) 


Sola. 

Here y = 2x 4 - x 2 
^ = 8x 3 - 2x = 2x( 4x 2 - 1 ) 

For maxima or minima 

£-0 *.o,±i 

dx 2 

» 24x 2 - 2 
dx 2 

At x»ir, ~~?r — 4 > 0 
2 dx 2 

Thus y will be minimum at x = ± ^ 

l /2 

Required area = J (2x 4 - x 2 ) dx 
-1/2 
1/2 


-(area OEA + area ABD) 

* J^2 dx - /x (x - l) 2 dx 
0 0 

2 

■ 4-/(x 3 -2x 2 + x)dx*4-^-^- + yj 
0 0 

3E> 4. — S — 

3 3 

24 . Find the area bounded by the curve y » 2x 4 • x 2 , 
x axis and the two ordinates corresponding to the 
minima of the function 


- 2 J (2x 4 - x 2 ) dx 
0 

1/2 

0 

=> ( 3 240 0) = = 120 (i " masnitude) 

25 . Find the area of the region bounded between the 
two circles x 2 + y 2 = 1 and (x - 1) 2 + y 2 = 1 

Sola. 

The two equations x +y *1 and 

(x - 1) 2 + y 2 = 1 represent circle whose centres are (0, 

0) and (1.0). 

Their radii are 1. 

The coordinates 
of Pare 

(*'*) 

Required area 

1/2 



/V 1 -(x- l) 2 dx + JV 1 -x 2 dx 


1/2 

Contd. on page No., 1 7 


, MATHOIATICy today October 1996 . 


ss 


IIT-JEE '97 


“Want fo ymnmtee m cxcdimt pMfywmtice, ut Pitflict? 


JOIN 

A 100 hr CLASSROOM CONTACT PROGRAMME, 

With additional 20-25 hours of doubt clearing sessions, 

In a batch of only 12-15 students, 

Where you will be literally forced to do all the assignments, 

Which will be corrected and evaluated thoroughly, 

And your progress will be assessed through 10 tests, 

Tests where you will be attempting fresh numerical problems. 

As you will have to do in actual IIT-JEE, 

And, above all, your fundamentals \vill be made sound and flawless by 
indepth teaching, 

Thus building up the much needed confidence level, 

By a committed and disciplined teacher. 


Classes of 2nd Batch commencing in 
2nd week of October, '96 


Teacher - S.P. Neelam 
Contact : (Oil) 6969051 

Monday closed 

59 




Is IIT-JEE a city/town level competition? 

No! 

Then how can you restrict yourself to a handful of 
competitors in your city/town? 

You need 

an All India level competition repeatedly grilling you like IIT-JEE and giving 
you regular feed back on your possible perfomance in 


IIT - JEE 


Remember FIITJEE 



gives you the opportunity of eight IIT-JEE like tests at All India level with analysis of 
your performance & suggestions for improvement. 


Test Centres at : 

Delhi', Bombay, Calcutta, Madras, Bangalore, Chandigarh, 

Hyderabad, Jaipur, Kanpur, Kota, Lucknow, Patna & Ranchi. 

Eligibility Criteria : 80% in (Science + Maths)/PCM in X/XII Board 

How to enrol : Send your applications on plain paper with demand draft for 
Rs. 2000/- (course fee for Test Series) in favour of fUTJ€€ payable at New Delhi, two 
passport size photographs & photocopies of Board Marksheet(s). 

Last Date : 29th October, 1996. 

it Admission closed at Delhi Cenfre 



wX , X4wfrX , X4*i*X4 - X4%!XvXswX - Xvvfc%‘X^wXv-Xr5'Xv!wX , Mv 

FORUM FOR IIT-JEE 


(A Collective of ex-IIT'ians) 

ICES House (Opp. Vijay Mandal Enclave), Sarvapriya Vihar (Near Hauz Khas Term.), 
New Delhi - 110 016Ph. : 685 4102, 686 5182, 6965626. Fax : 6513942 


F|ITJ€€ - THE PREMIER INSTITUTE FOR IIT-JEE 


GO 







m iitjee, EHQmtmc % medical ewmce Exmmm 


I.I.T. Physics 
LIT. Chemistry 
U.T. Mathematics 
Chemistry For Engineering &. 
Medical Competitions 
Pragati Physics 

Numerical Problems in Chemistry 
Problems in Chemistry 
Numerical Physics 
Problems in Physics 
Solutions to Problems in General 
Physics (IRODOV) VoL I 
Selected Solution to Problems in 
General Physics (1RDOV) VoL 11 
Solutions to Problems in Calculus of 
One Variable [LA. Moron) 

Objective Chemistry 
Objective Physics 
Objective Mathematics 
Objective Zoology 
Objective Botany 
Medical Entrance Exam. VoL I 
( Physics , Chemistry) 

Medical Entrance Exam. VoL 11 
(Zoology, Botany) 


Satya Prakash 
Aganval S.K., Lai K. 

Vashishtha A.R., Vashishlha Bipin 
Agarwal S.K., Lai K. 

V. Kumar, Sharma R.C., Sher Singh 
Agarwal S.K., Keemti Lai 
Singh J.P. , Varma G.R. 

Satya Prakash 
Prakash, S. & Kumar Ajit 
Kumar Ajit 

Kumar Ajit 
Rakesh Chandra 
V. Shyam 


Satish Kumar, Keemti Lai 
Satya Prakash 
J. K. Goyal 
Saxena O.P. 

Charaya M.U. 

Satish Kumar, Keemti Lai 

Saxena O.P., Charaya M.U. 


FOR C.SSE. MEDICAL ENTRANCE EXAMINATION 


Biology Finish Faster 
Physics Finish Faster t 
Chemistry Finish Faster 
Multiple Choice Questions (MCQ) 


FOR Q.ES.E. STUDENT 


Saxena O.P., Charaya M.U. 

Salya Prakash 
Agarwal S.K. & Keemti Lai 
Agarwal S.K., Keemli Lai, Saxena O.P., 
Charaya M.U., Arora V. 


Piagai Physics VoL I and II 
(for +1 & +2) 


Kumar ty., Sharma R.C., Sher Singh 


Pragati Prahashan 


Begum Bridge, Lajpat Rai Market, 
Post Box No, 62, Meerut. 

© 0121-640642, 541657 
Fax No. 0121-541852 





OBJECTIVE QUESTION BANK ON 


Chemistry - B.K. Sharma Rs. 300/- 



Ice crystal 


— Covalent bond 
==> Hydrogen bond 
Q Oxygen atom 
O Hydrogen atom 


A 

Water molecule 


riitidi Edition also available 


Botany (In P'-ess) 





Physics - Shobhna Sharma Rs. 3157- 


Zoology - S.K. Sharma Rs. 300/- 








Objective Mathematics 
Gupta-Arya Rs. 230/- 

I.I.T. Mathematics 
Gupta-Arya Rs. 310/- 





I.I.T. Chemistry 
P.B. Saxena Rs. 325/- 


I.I.T. Physics 
P.K.Agrawal Rs.360/- 


Crash Course in Chemistry - B.K.Sharma Rs. 150/- Fundamentals in Chemistry -A.KJndrayan Rs.270/- 


P lease send Rs. 50/- by M.O. as advance for V.P.P. 

G06L Publishing House 


A Unit of ’ ♦ 

KRISHNA PRAKASHAN MEDIA (P) LTD. 


(Formerly known as Krishna Prakashan Mandir) 

11, SHIVAJI ROAD, MEERUT - 250 001 
Phone - 0121 - 642946, 644766 Fax : 0121 - 645855 


Registered with Registrar of News Papers of India RNI No. 40700/83 






